QUANTUM Series

BTech. 1=t Yonr

« Topic-wise coverage of entire _'
sy’ “5us in Question-Answer form. 5_2.0“ .
« St 1 Questions (2 Marks) ‘-'q,”,

Inclades solution of following AKTU Uv
200394 = 201415 » 2015118 » 200607 + ¢




uNIT .
Part-1 e (1-2C to 1.9,

Types of Matrices : Symmetric Skew-Symmetric and Orthogopgy ™
Matrices ; :

Complex Matrices
A Concept Outline : Part-1 ..covevvivsssssssssssssssssmsinsissssicsissonn, 1
B. Long and Medium Answer Type Questions .........ow....... Iﬁgg

Part-2

Inverse and Rank of Matrix using Elementary Transformation
o Rank-Nullity Theorem ] ’

A. Concept OUtling : Part-2 .......coimmsvsmsssesssssssssssssssnssssassnns 1-9
B. Long and Medium Answer Type Ques!wns .... 1—;0((;
Part-

3 : (1-16C to 1-29C)

* System of Linear Equations

0 gkﬁleiymﬁsﬁc Eqmion .
* Cayley-Hamilton Theo ; ik

. E:;-gen Values and Eigm:e ;:;gi e Ap_"[“’“‘“_’?‘ el
* Diagonalisation of a Matrix '

A. Concept Outline : Pg
‘Part-3 ...
B. Long and Medium Answer Type Qumwns ...........

1-1 C {Sem.. 1}

8 C {Selll‘l ) Matrices
PART-1
s of Matrices : Symmetric, Skew-Symmetric and Orth
Type Matrices, Complex Matrices. riogonel

——  CONCEPT DUTLINE : PART-1

tion of Matrix : An arrangement of mn numbers in the form
- horizontal and n vertical lines is called a matrix of type m by n or

order m X It

223
For Example : [1 0 2]isa2x3matrixand
ajy; 012 ... Oy,

az Gz ... G2 |,
: " : ; is an m x n matrix.
Anl Cm2 -+ Omn
of a Matrix : Given a matrix A, then the matrix obtained
by changing its rows into columns and columns into rows is called the
transpose of A and is denoted by A’ or A”.

of Matrices :
symmel;ric Matrix : A square matrix is said to be symmetric if

Transpose

A'=A.

1 -3
A=|-3 2
15 7
Skew Symmetric Matrix : A square matrix s called skew symmetric

ifA' =-A.

e =1 o

For Example:

[0 1 -3
For Example : A=|-1 0 5
3 5 0

e of a Matrix : A matrix in which complex

Complex Conjugat
onding conjugate complex

elements are replaced by its corresp
numbers is called complex conjugate of that matrix. It is denoted as A,

E le:If A 1+i 2+3

For Example : = g 3

™ _ [1-i 2-3%
i A=l g -3

Hermitian Matrix : A square matrix A is said to be Hermitian if

(Ay =AorA'=A.




Matheﬂ?f’ﬁcs'l e matrix A is said t6 be gkgy,
— Matrix *

_ Hermit! 0= —A. _
Skew‘#e £ Y =~ or A matrix A is called orthogong) ;¢
germitianif (A ., o square
ﬂfﬂna; Ma matm A is said to be unitary if
AL by 1 A 29870
ary

. the following matrix as the sum of a symmety; o
Express

trix,
mdasm-wemc - 1171
2 8 4
5 0656
171 -1 25
i ix i A=234.'.A‘=730
Given matrix 18 S0 s &
If Bis symmetricand Cisa skew-symmetric matrix
-1 9/2 3
Then, ——(A+A)-9f2 3 2
2 3 25
0 5/2 -2
c-la-m=|-5/12 0o 2
’ 2 -2 0
-1 9/2 3 0 5/2 -2
A=B+C=|9/2 3 2 +|-5/2 0 2
2 -2 0
5
15 -13 6 gl

matrix and an upper triangulsr matrix with zero leading diagonal.

a 00
L=1% ¢ 0|bealower triangul
Let d e f ar matrix
0¥ a’ .
U= 0 0 H bean
s 00 0 PPer triangular matrix with
2610 Jeading diagonal element.
2 5 -1 a 0 0] fop o o ¥ g
n|—9 12 4 |=|b ¢ 0|+{0 o 4 o v
15 -13 6 d e flloo g FR
Equating the corresponding elements on both g

bot
g=2,b'=50a'="Tb=-9c=12,c'z4, *h sides, we get,

2 0 o 0&_;_1
L=1-9 12 0land U={0 o 4
15 -13 6 00 o
1 1 3
A=12 2 6 |,showthatA’=g,
1 -3

1 1 311 1 3
A=A A=12 2 &8

2 2 6

41 -1 -3|l-1a 3

1+42-3 1+2-3 3+6-9
=|2+4-6

2+4-6 6+12-18
-1-2+3 -1-2+3 -3-6+9

000
=10 0 0}=0,where O is a null matrix.
000

o . cosa sina
Qnel.i. | Show that the matnxA-L abie m;&i&w

* Ais orthogonal if AA' = A'A =1



Mathematics -1 - : L '
coso — sin o S%.lj
A'= sind cos o

5 sina | | cos e
- cos ¢ “’ o -sing
AA'= |_gino cosa][SInO  cosgq

coszu+si112a _ cos o sin a+sin a cos o
:[—Sinacosmcosasifllﬂo sin? o+ cos® o
r
cosa —sinaf| cosa sin g
A’A=Lina cosa][-sina coqu
c052a+sin2a c"s"'sm“"siﬂﬂoﬂsaJ_ P
1 cosasinu—cosasina 8092a+sin2a —[0 1:’”
Since AA’ =A'A=1, hence A is orthogonal.
0 28 ;
Que 1.5. _-I Determ:ne the value of @, B,y when [ B }
| a -B y
orthogonal.
Answer '
0.2 7 ._.,,/
Let, Asila B ~1
a =B 7Y
Aisorthogonalif, AA'=AA=1
[0 o o
a=(2p B -P
v -1 1)
o2 y][0 o @
av=|a p -v|(28 P P
C ly =¥ 1
[ 4p?+1? 2p% -y _9p%+7?
- | 2pt-r? aPepPer’ o2-p?-1*
_9p24y? a2-pP-y? o2 +p2+7?

e U

-0+ Y al- -yt alep +y°
g the corresponding elements, we get

e S WA
Y i Matrices
< +Y2 28 -y -2p4y 10 0]
opt -y @’ +P eyt oP-po, 0

L el P T I

Equ,atin
4ﬁ!+72=1 _ _1_ 1
Zﬁs-'rg-_-o :bﬁ_j:\[é’? =i_§
and a?+pi+r=1
1 1
Bzt y=t—
As 2 -
1
a= +—
-2
2-3i 3+5i
5. i then prove that A is
' (3 243 3-5i
1 (ConjugateofA)= [2-3i 5 - i
[3+5i i T
3 2-3i 3+5i
Then B'=|2+3 5 i
|3-5i -i 1
[3 243 3-5i
Now (B) = 9-3 b 4 |=B
I#3+5i i 7
. Bis Hermitian i€, A is Hermitian.
Que 1.7- | Express the Hermitian matrix:
1 i 1+
A=| 1 0 2-3i
1-i 2+88 " e
i is areal skew
asP+iQwherePisarealsymmewmdQ“a symme
matrix.
. itten as
The given mat ix can be Wt



~i 1+i 101 [o _
1+0i 0-1 1 Sem-1)
0+i 0+00 2-8i| =|0 0 2+ 1 o ; %\Mm
. 2+3i 2401 1 2 2 -1 3 ~3 1
1'.5 0 . 1 1
A=P+i A=(Ay=21; _1 i3 :
i 0 4 e
_|0 0 2 isama_[symmef:ricmatrixandQ= 1 1 ' 1 _1+E'__:3_ ..!‘__i 3
WoureiXly 2 8 | 1 3 38 2° 2 T3y
: : . 0 So,
is areal skew symmetric matrix. » . . 1
gkt o 1 1 L8 1 i g t
TR Showthat A= {1 @ o |leavnitarymatry ARSI 272 TaTg | L5 L
. ik 3 1 o o 1 iwfﬁ 1 2 9
1 T "'—“i'l@ 1 ) ! 13 1 & 3
: 2 2 2" g g8 1 g
= 5 i3
o is complex cube root of unity. s 0 . . 2 2 2
1 3 1 3
Answer _Llo T i 1+%__3i__‘\£§+1_§_+§[§
We know that, o’ + 0 + 1 =0 ? 1 3 i3 1 3 if3 il
Hiere by quadratic formule, o 1v3Ta T2 ety bepedlld
J1-4x1 1+,/-3 ; 4 4 4
{II|'=-'1i 1 5 R J_ ﬁ&):-—l‘.il\/ﬁ -3 0 0
2x1 2 g 1 300] Moo
2 2 1 0 _1_2_. 1——&}., =l 0 3 0 _ 0
[ 1 iB3) =3 4 2 2| 3| =10 1 o|=1
i “="2"2) 1 12 03] loo1
4
B 2 2 ;
Show that th trix |21 B : A
(Take positive sj sk aie L“"ﬁ o —iy| 18 Unitary if
gn) »
1 i3 _ _
== (v #=oq B+preyedi=l. [ARTU 201718, Marks 35|
1 1 1 ]
1 1 i3 1 i3
So, Amogat], wip s 2 B0 B
Bl 272 T2 ={‘;:§ tf’“ﬁ]
i -1
p 1B 1 i3 vy
" 272 T2t g Z=[a—:y —ﬂ—;&]
1 1 1 B-id a+iy
- — a-iy p-id
1 1 . 8- (A)'= \
A = ﬁ 1 —"é--l—zi __l+_l_'J_§. A' ( ) {‘B—l‘ﬁ U'.+iy}
1 i3 2 2 _ For unitary matrix, AA® =T
11,68 1 i - B A Fe e
$ 8 0 2 NowAA":[tu —B+l§l {u iy B n&}

B+id a-iy | |[-P-® a+iy



-

5 ( —id) {a+£y)(ﬁ—t'6)+{._ﬁ+‘

)+ (B . i8) (B =i8) 4 ( _, . Wy,
(a“y]fadj')]: ol y-p-i) B+ p (@ zy)m:iﬂ
. - 0 Y)
-[(ﬁﬂﬁr‘(a cft 0 =[1 1J=I
a2+y2+13+ 2+ﬁ2+y2+8‘2 0
a
= 0 N
i matrix.
I-Ienl:'f":““s£| g

iy using Elementary mnsfonna :
[nverse and Rank Ol;iﬁcfﬁiﬁlfmty Theorem. tt%

ONCEPT OUTLINE : PART-2
" C

W.Ianndeewosqwemam

OfamAB - BA = I, then B is called inverse of A i,

Inverse
arder such that

B=A" .
-es Df Inverse .
i IfAisinvertible the
i (AB)'I = B- 1A_1
i @yt=@y
Elementary Opeﬂ-mm ; matrix are called elementary operatiop .
The following operations on a RoR.Car
5 Interchange oftwo rows or two culumnss e.g. 1 P C?.
: Multiplication of a row or column by a non zero number K, eg.,
L
rC. - KC
iélgt‘igloi‘lf times tim elements of a row (or column) to the
. corresponding elements of another row (or column), K # 0, eg.,
R >R +KR,R,>R,-3R,C »C + 2-03
Note : ].%we write R, - R, + KR, that means R, is replaced by R +K
times R, . .
Rank of a Matrix : A number r is said to be the rank of a matrix A if
it possesses the following properties : .
i There is at least one square sub-matrix of A of order r whose
determinant is not equal to zero.
ii. Ifthe matrix A contains any square sub-matrix of order r + 8

then the determinant of every square sub-matrix of A of order
r + 1 should be zero.

Therefore the rank of a matrix is the
zero minor of the matrix.

Rank of a Matrix by Echelon Form : A Matrix A is said to be in
Echelon Form if -

L Every row of A which h

nA-lis also invertible.

order of any highest order non

as all its entries ( occurs below every

row which has a non-zerq entry.

Matrices

non zero entry in each ng
TTEEB Er:;ber of zeros before the fir
;s less than the number of such
-:;‘h ¢ rank of amatrix in Echelon
: o rows of the matrix.
ze"by Normal Form (Canonica] Form) .

11 ZET0 row is equal to 1.
st. ntlm Zero element ip arow
€T0s in the pext Tow,

i |
form is equal o the number of \

non- B

: : By element
Bﬂ;ions any non zero matrix can be reduced g 5 form that is calleq
owr;]al form, e‘g"
no

I\ |\I,
E, [r,ol, [0 10 0

the number r denotes the unit ma
en

calle

trix of order r anq this r is
f the matrix.
d the rank o

Questions-Answers

Answer 'I‘ype and Medium Answer Type Questions

012
— h' Compute the inverse of the matrix 1 2 3| by

mploying elementary row transformation.
e

]‘gw,mm,mu\
R oR
0
o|a R,~B,-3
1




-

1
= 3 R
lfg‘i 3 'IAR’-)R1+2 Rzﬂ&
= it
3 02 5 =9 “di] Ra
;1 1]
01 0|=|-4 3 -1 Ra‘%&
01 5 ,§ 1 2
4 7 74 3
I=A'1A _
But 1. 112
2 22
1|4 3 ~1
Henfer A 5 E -]LJ
2 2 2
3 38 4
i trix A = (2 _3
Bue11l.| Find the inverse of the ma </,
%ﬂmﬂl Fin 0 1 by
employing elementary transformation.

[ARTU zma-:%

> | Same as Q. 1.10, Page 1-10C, Unit-1.

1 -1 0
Al=|-2 3 -4
-2 3 -3

A2 IfA= | I e then evaluate the value of the expressiop

(A + 51 +247),

|AKTU 2016-17, Marks 3.5

-3 2 '
A= -3 2|
{-—1 0:’ = |Aj=’_1 0’ or IA|:2

Matrices

—1=ade = A“‘:lo -2
|A| 2]1 -8
ruting the value of A, A and I in given equation,
gubst’ i i -3 2] [1 0] 2(0 -2] [2 0
A+BI+2275 1 1 0]""0 1]"2|1 -3|7 |0 2|=¥
] prove that the point (x,, y.), (x,, ) and (x,, y,) are collinear
x » 1

of the matrix | %3 ¥, 1| isless than 3.
ifthe'an x, ¥y 1 ’

. the,:f;nk of the given matrix is less than 3, then the determinant of

rder 8 of this matrix must be zero.
0
: x, N 1
. x, ¥, =0 (1.13.1)
X3 Vi 1
Now the area of triangle w:osi verzil;lces are (x,, y)), (x,, y,) and (x,y,)
; 1 "
=3/ ¥ Y=0 (From eq. (1.13.1))
xs y:; 1

gince the area of this triangle is zero, so its vertices (x,, ¥)), (x,,y,) and
(x,» ¥,) are collinear. R
‘| Reduce A to Echelon form and then to its row canonical

1 3 -1 2)
0 11 -5 3

form where A = 2 -5 3 1 - Hence find the rank of A.
4 1 1 5

| AKTU 2014-15, Marks 10|




. » Echelon form,
Using kof A=

3 2 —.ﬂ
fom[4 2 6

745

Given matrix

0

Pm) =2

Number of non-zero rows

Find the rank of the matrix by reducing to Tlormy)
n

[AXTU 1516 Marir

R, —9}?3-(31 +R)

C,>C -c,

R,>Rp

RH - R&i —Rl

8. | Using elementary transformations,

Matrices

1 00
o =1 a C2>C, -2,
0 0 0 C3-—)C3+Cl
100
0 1 0 Ca—+03+02
00 0 g
Iy
0
find the rank of the
-2 -1 3 -1
1 2 -3 1
1 6 1 1
0 1 1 -1
@mn-m,mm@
[-2 -1 3 _q
1 2 =23 -3
1 0 1 1
L4 T 31
(1 2 _3 -]
-2 -1 3 1
1 0 1 1 hok
L0 1 1 -1
[1 2 -3 -q]
C 8 -5 <4 R,—>R,+2R,
0 -2 4 2 R,>R,-R,
0 1 1 -1
[1 2 -3 -1
0 3 -3 -3
R >R -R /3
0 -2 4 9 4 4
0 0 2 o]



1<

atics- I ‘ 150
0o 3 -3 -3 1_,wc(s;eauu-l)
=lpo 2 0 R"H’RH
o0 2 0] 2};”a
| 12 -3 -1] _
o 8 -3 -3
=lpoo 2 0 Rﬁ_}&
o0 0 0] “3;
12 -3 -1
0 1-1 -1
=[0 o 1 0 g::%'a
o0 0 0 Rafg
Number of non-zero rows = 3
trix = 3

Rank of given ma
17. | State Rank-Nullity theorem with example.

Rank-Nullity Theorem :
The rank-nullity theorem states that the rank and the nullity (the

dimension of the kernel) sum to the number of columns in 5 g
matrix M. If there is a matrix M with x rows and y columns over ai:ﬂ‘

then
rank (M) + nullity(M) =y

System of Linear Equations, Characteristic Equati
aiion,

Cayley-Hamv s
- Eigen Vectors, Dw_tgunalisation of a Matrix

consist'en
ente
augm ure to find the Solution of AX =B

No
ase 1: Ifr
inco

Casell
AX=Bis consistent, i.e., they possesses a solution.

The rank-nullity theorem is useful in calculating either one by calcul ating
. " 3 y cal i
the other instead, which is useful as it is often much easier to find the

rank than the nullity (or vice versa).
B. Example : Consider the matrix :

“<ls g

Here, the rank is 1, since the basis {( 3] ( 1
-6/

_ 2}} can be reduced to

1)}
. The kerne i
{[_ 2 ernel of A is vectors such that Av = 0, which is a vector

Matrices

milton Theorem and its Application, Eigen Values and

CONCEPT OUTLINE : PART-3 \

;tion for Consistency : The system .
t i.e., possesses a solution if the mg;eq;“:;::xﬁf = ;; u-:s
and the

d matrix [AB] are of same rank.

Let the coefficient matrix be of type m x n
Write the augmented matrix [AB) and reduce it to Echelon £
orm

by applying elementary row operation.
From the Echelon form we can find the rank of coefficient

matrix A and the rank of augmented matrix [AR]

w the following cases arise :
ank [A] < rank [AB], then the system of equations is

nsistent, i.e., they have no solution.
: If rank [A] = rank [AB] = r (say), then the system of equations

1 If r =n, then the system of equations has uni ti
9. Ifr <n, then there will be infinite solution q‘u(e):lo;un o_n;- -

solutions will be linearly independent and rest of the solutions
will be linear combination of them.

ar Dependence and Linear Independence : A set of n-vectors
2, Xgy wweeeXp BTE said to be linearly dependent if there exists n scalars,
@y, Ggye---0y DO all zero such that a,x,+a,x,+.....+a x, =0 andifall a,,

a, are zero, vectors are said to be linearly independent.

Characteristic Matrix : Let A be any square matrix of order n and
% an indeterminate. The matrix [A - All is called the characteristic |
matrix of A where I is an identity matrix of order n. \
011—1. a9 : a\n

agy @M ¢ O

Line

Qgyeeen

Also the determinant |A M| =
<

acteristic polynomial of A and the roots of this equation
atent roots or eigen values of A.
matrix A, then a non-zero vector
ristic vector or eigen vector of

C——

is called the char:
are called the characteristic roots, |

If A is a characteristic root ofannxn
x such that AX = A.X is called a characte

N
b}' o and has dimencinm 1 1o 21 - 1 and

A corresponding to the eigen value A.



- V’
Mg,
o |
ties R
Mat-he.l‘ﬂa :Every square m.&tnx Satlsﬁeﬂ . m-]) . Matr;
i1o! e‘_':eli?forasquaremamjoford%nlt&uwh ‘_96(55 atrices
,isﬁceqﬂ”t;?:l:fil)“li"+“1”’1+“ZL Fota) 1 0 0 o]
i =1
111] |1 21,
ST T kR R, >R,/ (-2
""" < o107 o 22 o4 R, > R,/(-2)
""" - ol 12 2 R, >R /(-2
010 1 =1
=0 0 —=
i 2
-1 1 1 1]
2 2 2 2
1000 1 -1 0 0
0001|_[2 2
001 0 l 0 :1 5 A Rl_’Rl‘(R2+Rs+R4)
ing the inverse by eleme 00 2 2
, by calculating t n 01
QuetiB.] Solve by A oy 7 003
erations : i -X, +X, = _ i
:p+:!+xl+x4=o,x]+xs+xs—x‘ 4,xl+x= 3 4 4’xl x!".t,‘a* |-_1 1 1 1_
]_ Y AKTU 2014-15, Marh m 2 2 2 2
-f{— £ 1 0 0 O 1 0 0 _1
Amwer | 0100 2 7
o010/ 1 -1 |8 RyoR,
11 1 1 g] o - 5 03 o
copo|t 1L n| |4 g0 -
Ml 4 o3 a4 LE?O‘{
1-11 1]z |2 I=A1A
X=A"'B (<11 I a7
We have, A=IA 2 2 2 29
111 171000 I o o =2|"
1'1 1 -1 o100 Thus x=| 2 2 || 4
11117097 .;:9;10‘4
1-1'1 1] [o0o01 i a 2
11 1 000 _E —2—* 0 0_
00 0l l11g, R, -R 1
. e 1019 R >R -R _§
_0 =100 1 R, >R -R X= 5

|=2
ThlIS,II=1,;\:2:—1,13:2‘;(4:_2

Que 1.19, I Test the consistency and hence, solve the following set



lhh;n_c

"
|
==
|
—_
S N o

-11 R S :
-3 Ra-);:“zﬁl

3
0 & 4 7
R->R-!

lo-3 2 -1 B3R
“lo o0 -1/3: 68/3| p 10

‘—#R4+3R’

Lﬂ 0 29/3 : -110/3
(1 2 0 4
1o 0 -17/3 : 68/3 17
0 0 0 : 2

plA) # p(A : B), equations are inconsistent.

> 130, Investigate for what values of A andn,thesystemuf

e&ﬁiﬁﬁ;ﬂyu. +4+82=
i No solution. §x+2%+%=10andx+2y +A2=p, has
ii. Unique solution,

iii. Infinite number of solutions, [AKTU 2013-14, Marks 05
[ARTU 2017-18, Marks 3.5
Determine the values ‘g’ ang 'b’m i _J
oquation b, for which the following system of
Y+y+2=8
T+%+82=10

*+%+aza}p

*

i 2: -11
0 -3 R;*R‘+§Rx_

gl

on.
U pumber of solutions. IA_KTU 2015-16, Marks 15]
M“‘ x+y+2z=6
x+2y+32=10
x+y+Iz=p
mstrixfol'l-ﬂ. _
- 11 1= 6
12 3||y[=|10
1 2 AJlz] LA
=B
1 11: 6
c=l:Bl=|123: 10"k
_1 21: et B
(11 1 : 6
=10 1 - S 4 }% _;j%,_jg
0 1 A-1: pu-6
[1 1 s G 6
=0 1 D .= 4
10 0 A-3 : u-10
i solution :
;oo RA)#R(©)
;-.e“l._s-_-ﬂorl-:3andu—10=00rp=10.
: unique solution :
i A R(A)=R(C)=3
f.E..l-—3#00r?~#3and].lmayh.aveany\ralue_
4i Infinite solutions :
RA)=R(C)=2

ie,A-3=0orr=3and p-10=0or u=10.
1. | State and prove Cayley-Hamilton theorem.

‘Ans :
;L Cayley-Hamilton Theorem : Every square matrix satisfies its own
characteristic equation.
IflA-M| =11 +e, A +ad" 2+
polynomial of (n x n) matrix A = a,, then the matrix equation,

+ a.J be the characteristics

X +a X' +aX"?+....+a l=0issatisfied by X =A
ie A"+a A" +a A"+ ... +al=0



1
\.21
-M are at momﬁf

vl

tics
Mathem® - ents of A o S &\
/ gheel'em- o) are at most of degree P ir:t ‘_ie ~

; Sincé G
adjd =" mp—l # BTt B."" A48 | h?h"
W*H):Bu areﬂ'le matrices Ufltypen X n. )
B-Bl' ------ + Fn-1 _ A-—HII

where Zo .4 -AD=| "

Now, (4 'L?:fﬂ;M* ot B = CV Wragon,
Aa- (B ﬁ‘ici;nts of like powers of A on both sideg, "4 %),
Comparing % _iB,= ! y

_B,= (-1
Ay 1rad

AB,- IB,
AB - (-1ra] i

=k " A ..., ITe .
On multiplying these equations byA Spectively, i

0= (1P [A+a A +a Ay
wp g ATt +al=0

(1 2
2 .Hamilton theorem for A 3)
lel.ss.l Verify Cayley-H ) [32 ¢ GJ'

5
AKTU 201415, M :
. 0

iy

+
ﬂn_n

Hence find A™.
Characteristic equation, |A-AT| =0
1-» 2 38
2 4-1 5 [=0
3 5 6-A
(1-2) [(4-2) (6-1)-25] -2 [26-1)-15] + 3 [10-3 (4-2)] =
(1-2)[24-10A+12-25]-2[12-2A-15] +3[-2+ 3A] = 0
1-M)(2-101-1+2(3+24)+3(31-2)=0
22-10A-1-23+102%+1+6+41+91-6=0
~A3+1102+40-1=0
A3-1122-4141=0
For verification of Cayley-Hamilton theorem we need to verify,
A-1142-44+1=0 21221 :
-(1.221) |
1234 8 12]

356 122024J ‘r

G(Sl!ﬂ‘”___-— Matrices
’s’ it

S 12 31 2 3] [14 25 31

A2=AA=|2 4 5|2 4 5| =|25 45 56

356|356| [3156170

14 25
11A%2=11 |25 45
31 56

31 56 70

(14 25 31|[1
25 45 56||2
3

31 154 275 341
56 |=|275 495 616
70

341 616 770

2 3
4 5
5 6

= | 283 510 636

we have
157 283 353
s IIAZ-M*": 283 510 636

From €d- (1.22.1),

-

A

4 8 127
-8 16 20

353 636 793

(157 283 353]

1353 636 793

-1275 495 616
341 616 770

100
+/0 1 0|=

154 275 341‘l

12 20 24

Henc
fin
1;;')2—11A-4I+A'1=0

000
000
001 (000

e Cayley-Hamilton theorem is verified.
4 A-! multiplying eq. (1.22.1) both sides by A™!, we get

A-1=-(A%-11A-4D

14 25 31] [11 22 33} [4 0 0
=-|25 45 56|+|22 44 55(|+|0 4 O
31 56 70| |33 55 66| |0 0 4
1 -3 2
Al=1-3 3 -1
2 -1 0
1‘1

21
Que 1.23. I Verify Cayley-Hamilton theorem forA= 0 1 0
11 2|

|
|
!
]

[]KTU 2013-14, Marks 05

Answer | Same as Q. 1.22, Page 1-21C, Unit-1.



Bl
iy Cayley-Bamilion (ROTE for the ﬁh

- 1—£4C(se1n-ll -
A=|-1 2 -1 e ;
1 -1 2 4r_GAT+9A-4I=| 21 99 _‘_30 0 8
: 21 21 99 0 30 3
OR 0 o u|
Mﬁgﬁcequation of the matrix B2 g
Find the I
e | | 000
Ad1 3 HE ©Oren, ={0 0 0|l=0
-1 2
evlliateA'-M“'l-aA‘-M'-lM’-l-m-gL 5 & 15
Also

Hence Cayley-Hamilt.?n theorem is verified
Now computing the given equation,
-A‘-EA5+9A"—2A3—12A2+23A__91

~ AF- BA® + 9A% — 4A° + 4A - 247 _ 1242 934 _ g
:AS(AL-GA? +9A - A1) + 24° — 124 + 234 _ 9]

" The characteristic equation of A is _AS(0)+2(A°—6A%+9A-4D) +5A -]
A-AT|=0 ;As(0)+2(0)+5ﬁ—f
gk =L | ® = L RS
1 2-4 -1=0 il & =4 2 9
9 o m 1 -1 2] {001
@-0 (@-AP-1+ 12~ + 1+ 1{1-(2=2)) = 0 10 -6 5] |100] 10 5 5
2-1)3-1)(1-1)-2A1-1)=0 =|-5 10 5|-0 1 0i=1-6 9 -5
(1-1) [6-50 +A2-2] =0 5 -5 10] 10 01]15 59
(1-1)(2=561+4)= 0 e
Wo6A2 49N —-4=0 "Q;,el,z&. Show that row vectors of the matrix |1 3§ o\m
To ‘r:’ifiﬁgzﬂyle}’-ﬂamﬂton theorem we need to prove, : 0 -2 1}
- +9A-4I=0—2 1 . linearly independent.
A= 9 -11 -21 21 _11 =—65 _65 G |
-5 1 2 %)
:1-12 1<l 2 |5 <& ¢ A=|-1 3 o
. 6 5 5 2 «f 1] . 0 -2 1
“:5*5—12-1 1 2 -2
LY 58 lr < 2 | |Al=]-1 8 0|=13)-2-1)-22)=0
2 91 9 0 2 1
=21 22 -21 Hence given matrix is non-singular.
(21 -21 99 | 1 2 -2
Now, A=1(-1 3 0

0 -2 1



Mathematics - I

=3
Number of non-zero ;—:v;ss Order of matrix

Hence the given row vectors are linearly independent.

Que 1.26. | Find the eigen values of the matrix

_ o B
a=|-6 7 -4
2 -4 3

Characteristic equation of matrix 4 is,

g-» 6 . 2
JA-M]|=|-6 7-2 -4|=0
2 -4 3-1

(8-1)[(T-2)(3-1)-16] -6 [-6(3-1) +8]+2[24-2(7-)) =0
(8-2)[21-TA-31+17-16] + 6[18— 61 —8] +2[24 - 14 + 2)] = 0
(8—1}]’1’-101+5]+108—361-48+48—28+4l =0
81280\ +40-23+10A*-51.-321 +80=0
-A%+18A°-117L+120=0
A3-182+117.-120=0
A= 1248

(" other eigen values are in complex form)
3 10 5

Que 1.27. Show that the matrixA = -2 -3 -4 ,haslesslthan

8 5 7
lin ; .
th ree .tyearly mdepen::lent eigen vectors. Is it possible to obtain
similarity transformation that wi]] diagonalize this matrix ? )

—_— [AKTU 2013-14, Marks 10

Cﬁafacteﬁsﬁc A
equation of given p, brix i
|[4-31]=0 i

g sﬂc (s’m—l) £ =

10 5 | &
g-A
9 __3_.1 —4 =0 E
5 T=x
- [{_3_;@(7-1)+201—1n[-14+21+12]+51—10 =
3 “[,21+3L—71+?'F+201—10(21-2)+5(31_1)=;9+3m 0 '
Mu_z_,;}.,-l)—zol+20+151\.—5=0 ?
(3; 121-3—13+413+1—51+15=0 r
28— TAZ + 160 — 12=0 Y -
ving above equation, we get _—
By solviné xA=223 |
Eis.en yector for A= 2 v

BN ¥

(3-—1}

x-]-l‘)y“‘&-_-o

~1211)
~ gty ~dt=0 = Exaly le=l .(1272)
+byrla=0 .(1273)
Using cross-Multiplicationin eq. (1.27.1) and eq. (1.27.2), we get
x Yy i 2z
40-25 10-4 5-20
—x—-=1 = — —z—-::»i‘;i:..z._:k
15 6 15 5 2 -5
5
Eigen vector = 2
-5
Eigen vector forA =3
3-3 10 5|[«x] |0
_9 -3-3 -4|y|=10
3 5 7-3|z| |0
0 10 S5i=x 0
-2 -6 -4|y| =10
3 5 4|z 0
0x +10y +5x =0 L1214
~2%-6y—-42=0 .A.275)
3x+5y+42=0 -1218)
Using cross multiplication in eq. (1.27.4) and eq. (1.27.5), we get

X y <

40430 -10-0 0+20




Mathematics - 1
comuiccidt oS Ly,
_.x_—=—'1-=i=>£-_-._'y_= 2 & Q[&‘
10 -10 20 1 1 :‘2‘ =h \
1
Eigen vector = 1
-2
i ts so their eige
there are two repeating roo ; gen vect,
1o+, tho problem has less than three linearly indgpe e arg .

: n
Since the eigen vectors Ay and A, are not linea] deng . bin
similarity transformation is not possible,

. |4 2
_-'ﬂﬂ‘ 1.28. I Find the eigen value of the matrix [2
101
to the eigen vector 01/

Anaver |

4 2| .
d G 4 ,Elgenvectormatrixug=[101]

101
We know that, AX =X
Where, A is the eigen value matrix.

4 2][101] [2, 0][101
2 4]{101) " [0 A, ][101
101x4+101x2] [1014,
101x2+101x4) = 1014,
1013,=101x6 = A =6
10113=101x6 = lz=6

1 2 -2
. | Reduce the matrixP= | 1 2 1| to diagonal form
-1 -10
[ATU 2016-17, Marks 04]
1 2 -
P=11 2
-1 -1 ¢

y indep::lgden Il‘ql?‘;‘.

1 @C‘B"Tﬂ—f——“" T
,.f’;;r gmrisliﬂ equation of matrix Pis [P-3I| =0
C

g2 3 #
1 2-h 1]1=0

Matrices

-1
-1
2=+ U =22+ D=2=142-3)=0
_,)L)(l,z-z}.-31= 0

L+ 1D(-3)=0
-2 tw 158

We know that diagonal matrix is the identity matrix with eigen values

at diagonal, € 1 0 0
__opalmatrixP=|0 -1 0
g 0

7 Findamatriwahich diagonalizes the matrix
' 1

Aar ],veriﬁP—lAP.D

2 3
ere D is the diagonal matrix.

wh
| A
T2 3
The characteristic equation of the matrix A is
4-2 1
=0
|

i

2 3-
4-1@-1-2=0
22-Th+10=0
(A-2)(A-5)

Let, x, =k,

1
Eigen vector is L } .

Eigen vector for 2 =5

A



_— __xl+xg=”
_x =0
% 21'2'0
Dy, — &ty =
' x2=k2
Let, x, =k
1
Eigen vector % |4
11
Thus, i -2 1

o "oll-2 300

- [(L)’ 0] =D (Diagonal matrix)

(=2}

©00
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o Introduction to Limits, Continuity and D; —
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Lagmnge’s Mean Value Theorem
Cauchy’s Mean Value Theorem

A. Concept Outline : Part-1 ...........

B. Long and Medium Answer Type Ques twns 22:?3((:)

Part-2 « (2-7C to 2-14C)
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® Curve Tracing : Cartesian and Polar Coordinates

A. Concept Outline : Part-3 ... 2-15C

B. Long and Medium Answer Type Questions................. . 2-15(



Diffe,

Sem-1) €ntig) ,
s M

o Limits, Continuity and Differentiqy ili
nge’s Mean Value Theorem and Cqy.y,, R°”€'a
Value Theorem o Mﬁa,,

Introduction t
Theorem, Lagre

CONCEPT OUTLINE : PART

ion flz, y) tends to the limit / a5 ,

i mit ¢ The funct y)
Ll_]:{::fand ;nly if the limit  is independent of the path follow?d ;:ya"d
! )agx...)aa_ndy—)b.Then the

point (x, ¥
. limf(x,y) =1

The fnnctign flx, y) in region R te:}ds to the limit !,

+—aandy — b if and only if co‘rrespondmg‘ to a positive n“mbes

¢ (a, b), there exists another positive number & such that ¥

|, y)-1| < € forO<(x—al+(y-56P<s?
for every point (x,y) in R.
Continuity : A function flx, y) is said to be continuous at the pojy
(a,b)if
limf(x, y) = (@, b) irrespective of the path along withx - a,y 5,
i
Rolle’s Theorem : If flx) is

i  Continuousin [a, b]
ii. Derivablein (a, b) and
i fla)=Ab).
Then there exists at least one value ¢ € (a, &) such that f'(c) = 0.
Lagrange’s Mean Value Theorem : Let f be
L Continuous in [a, 5] and |
ii. Derivable in (a, b).
Then there exists at least one value ¢ € (a, b) such that i

f[b]'“f(a} ' I
b-a -/ |

E;:;ha,:: :{o:hm:l Value Theorem : Let fix) and g(x) be two functions |
la, b]. Then ther::‘.’able in (¢, b] and g'(x) # 0 for any value of x in
iy Xsts at least one value c in between a and b such !

1®-f@) _ fe) S
8b)-ga)~ g(e)

e

2-3C (Sem-1)

Mﬂthematics -1

Questions-Answers I

i

Type and Medium Answer Type Questions |

mAnsWer

3z y

Goenl | Eveluate lim iy

P 2 1 3x* (2)
3y _ |1 32°Y | _tim
1:19?13+y2+5_1119}[]3£%x’+y2+ﬁj 1 427 +5
" 6x* 6 3
=P 9 149 6
. xy+4
7 | lim——/—-
. Que22 Evaluate = 2 +2y
Answer | -

- . 2x+
lun—?!—:-‘-‘-_-‘= [li‘qxﬂhﬁ}:lx’ff—s
sy x +2 U :

Bt 4D,

"'_l . A il
Que 2.3 Show that the function flx,y) =x-¥18 continuous for
(x,y) € R2

Answer
Let (a, b) € R? then fla, by=a-b

—fla,b)|= |(x-—_~,r]—la—b)|
fil=dis l:|:x—al+(b-y)i

< |x—ai+|y-bl
x-al <5and |y-bl < &, we has

[ |x]=]-x] 1230

. E
Let £ > 0. Choose 0 = 3 then for |

from eq. (2.3.1)
£
— + E

s —_—
|ﬂ:1:,yJ—ﬂt::.blll<2 " _ —
the function fix, ¥) =X =¥ i# RORHD 008 r:-riﬁol:tiauc: fur
(}uleg?s an arbitrary element of R* 50 Az, ¥ =X-.
(x,y) € R%

10 T L

e ————————



Dify,
.1) EI'En .
State Rolle’s theorem and also give it Proy, \
;

Que4
Rolle’s theorem : Iffi) s
ptinuous i la, ]
: )and

i fla)=fo) valuec b
Then there t at Jeast one € (a,b) such that ¢ Te)s

m‘; 0forallz, thlenf'(ﬂ A qfor s
Ginee fis continuous 12 (a, b, it is bounded and attains itg .
B i 1mmsm,m;tq;rc}nul:n]::bel'r.‘alld d lying in bety, ﬂx;m%
such that = | o du:.
fle)=M andfid)=m t
Case a:1fM = m, then is a constant fanction so that /g Zerof
Or

infa,b).
Caseb:1fM #m,then M =fic)>fic + h) for values of h o, ,, . |
Positjy,

0

SR

pegative, Then N
f_'["-'_*f"__}_'ﬂf_} <0forh>0
A {24
and fe+h-1C) s 0 forh <0
i wl24y

Since fis differentiable in (a, b) from eq. (2.4.1) and
we have andeq. 242y ol
- file)<0and f'(c)20

ence f(c) = 0 for some value ¢ in (a, b). Similarly if m =
s viln o both poative i iputive Bl tht Ad)<fias,

(d h) - d
LL;.J'D;O{M,H)D

<0forh<0
Ash—0,f(d) 2 and f(d) <, Hence f'(d) = 0.

ad [W+h)-fd)
©h

Que 25, i

|VenfyRo]le’s theorem for flx) = x(x - 2)e* i (g 2)

Angwer I -
ﬂ0)=0,ﬁ2)=0
fle)=g '

fis contj ;
continuous and differentiable, so by Rolle’s theorem,

Here !
f(x}:[lx~2}+x+%lx}(x~2]]e%x-
=0 or g2,

. &- )
Ed c=-2or§butc -

=<2 in 2
doesmt[aem(ﬂ,zuhuscz L €(0,2)
6

ing -1
mahcs
Math®

2-5C (Sem-1)

,/’-“_"'l gtate and prove Lagrange’s mean value theorem.

Lo |

= ', Mean Value Theorem : Let f be
e e

ContinV

perivable i (@, ) alue ¢ € (a, b) such that
i Then there exists at least one valuec & (a, b) suc b

O -9 _ pe)
b-a

proof !

B. )+xA,x € a,bl.

=flx
i 0?1005;::):: ::e continuous in [a, b] and derivable in (a, b), therefore ¢
2 is;:oc;ti“"ous in a, b) and derivable in (a, b).
ose the unknown constant A such that
fib)+bA= #(b) = a)=fla) +a A
-fla
. A f (l:: = £ (a)
Thus ¢ satisfies all the three conditions of the Rolle’s theorem.
Rolle’s theorem there exists a number ¢ € (a, b) such that

o Now cho

i Therefore by
0= ¢c)=Fc) +A
o e e SO
T Ple)m=Au==gs

m-l Verify Lagrange’s mean value theorem for fix) = »* in
1,5

f m continuous and differentiable in (1, 5), so by Lagrange’s mean value
theorem,

IO-I®) . e, for some c i @, b

Here fi5) = 25, A1) = 1, f'(x) = 2x. Therefore

Que 28. | State and prove Cauchy’s mean value theorem.



ntj
] e Bl
_r"‘"'l Me‘n va]ue Theprem H

hy's ; .
A Cauc ' dglx) be two functions which are both derivabl |
L.et ﬂf:)?“zrw value of xin [a, b). Then there exist o
g:: }b:nveen o and b such that
p

fb)-fa ['©
"= ),
gb)-g@ 8 (c)

eln.[

']

e 1
aStOnE-j".

f:
ft :::(;) = flx) + Aglx) where A is an unknown constang
9. pisderivablein (a, b] because f and g are derivable in [q, ] B ik
3 Choose A such that ¢(b) = dla) i.e., ‘
fib) + Aglb) = fla) + Agla)
st (b)-fla)
" * ga)-gb)

with g(a) - g(b) # 0. If g(a) - g(b) = 0 then g(a) = g(b) anq -
conditions of Rolle’s theorem and then g'(c) = 0 for aimnmesat
contradicts the hypothesis that £'(x) # 0 for any x. Thus g(q) _ gis

4. Now the new function ¢ satisfies the conditions of Rolle’s
Therefore there exists at least one ¢ € (a, b) such that

0=¢'(c)=flc) + Ag'lc)

e L‘Q o = fb) - fla)
glle) glb) - gla)
with g(b) -g(a) # 0 as g'(c) # 0 for any c.

.Q“ 29, | Verify Cauchy’s mean value theorem for the funct;
L flx)=x*, g(x) =x? in the interval [a, b], b

I
)#(
theurem.

i fie)=lnz,gtx)= Lin(y, ),
X

Answer |
b fe)=at pr) 2 42
I'6)=4e g 2,21: %
By Cauchy’s mean value theorem
M-t o
&1b) - g(q) 8le)
bt~ gt 4¢*

2 = —
[

2

pathematies™L___ -

Successive Di

2-7C (Sem-1)

c= %fu2 +b?)

e= 715\}(&2 +b%) ela, b)

a1
i f=Ilnx glx) ;.ll.el
el s oL
f(.x)-;.g(xr- Z
By Cauchy’s mean value theorem,
lne-Inl_ -¢
€

[
= ——€l(l,e)
¢ e-1 L

fferentiation (. nt Order Derivatives), Leibnitz Theorem
and its Application

CONCEPT OUTLINE : PART-2

Successive Differentiation :
Ify=flx)isa differentiable function of x, then dy/dx is called the first
differential coefficient of y wr.t.x.

d [iil] = Et.—_y is called the second differential coefficient and in a
dx \ dx c
dy d[d'y) . 0 ; A

— | is the n' differential coefficient of y

similar way ——- = e
sImitar Wiy e dx \dx" !

w.r.t. x. This type of differentiation is called successive differentiation.
at differential coefficient can be denoted by various ways as :

d!l
-—‘f D'y, v, f"(x) ete.
dx '

Some Standard Results for n'* Derivative are :
L D(ax+br=mim-0im=2...m=n+la lax+ b)

2. D'(ax+b)'=(-1n'a"(ax +b)""
3, D" o™ b = r‘fll‘ulnln
4. Do =a'loga)

{ ll"_'ln -1a’

o

D log lax + b) = -
lax +h)"



A W AR T

F”/_’(-_lrf‘(u-m

6. D'logx= &

Msthemﬂncs -1

i T
7. Drsin(ax +b)=a" s10 (n§+ax+bJ =
sin 0% °°7
i giﬂ’w'sa

iiL

8. D" cos (ax +b) =a" cos (n%+ax+b}
9. Dre=sin (bx +c)=r"e*sin (bx +c + n¢)

r=Ja*+b* 1‘
¢ = tan™! (b/a)

10. D" e= cos (bx +c¢) =" e* cos (bx + ¢ + n¢)
Leibnitz Theorem : If u and v are any two functions of .
their desired differential coefficients exist, then the d‘fﬁ‘
coefficient of their product is given by

D" (w) ="C,D" uv +"C, D" IUDU-l-"C‘ D,
Determination of the Value of the n® Deﬂvatlw of
forx=0: % h’"’ﬂlon

Step I : Suppose the given function equals to y. |
dy

Step II: Find ¥, = T

i Simplify the expression by taking LCM if poss:h[q
ii.  Square both sides to avoid square root.

iii. Converty, in terms of y (if possible). [

Step III : Find y,= dy '

dx!

where

“Tentiy

Step IV : Differentiate n times by Leibnitz theorem. oF
Step V: Put.x = 0 in Steps (I), (IT), (III) and (IV).
StepVI:Putn=1, 2,3, 4 in last equation of step V.
Step VII : Discuss the cases for n ; ¢. , even or odd.

Questions-Answers

Long Answer Type and Medum_Answer Type Questions _J

+| Find the nt differentia] coefficient of

2-9C (Sem-1)

y=costx= B{lﬂm?.:)]:-— (1+2cos 2x + cos? 2x)

1+cos4x]
2x+[ 2 ]
3

1 1
= —+—co8 2x+—cos 4x
y 8+2cos::8

= 1[1‘1"2008
4

nr
D‘cos(ax+b)=a"cos (ax+b+_é_)

¥, = 0+%x2“ cns[z:r+n—;)+%x4" ms[4:c+£;£]

nn
y, = 2+ mg(zx+%}+2“" coa(4x+?J
y= cosbxsinax

& -;-Esin(a +b)x+sin(a-b)x]

in ( +b].= a”sin(ax+b+ﬂ]
D" sin (ax 2

) nn
1 (@+b)" sin{{a+b)x+-’f25}+(a-b}" sm{fa-b)rtg}]

y=5m100532:

o l(sin4x-sin2x)

e emlugraies]

2x
71, | Find the n® derivative of tan™’ [1-::’}'




1+20% 1442 N\
We know that,
a1 [_C1yg
= g |5+ d? __W‘Sin{n+1]
5 -1 i = -1 E ™
Where . eok (a) tan (xJ !

Now differentiating ¥y, (# - 1) times

dn—l dﬂ-l 2

= 2(-1r"(n=1) ! sin n6 sin~ g

1 _

-1 1

= tan~ —=cot " x
Where b x

d"  a
Que 2.12. | If1 = a-—r-;(x logx) , show that I = n[u_l ¥l 1y

AKTU 2016-17, Mﬁl‘ksa
b

dn . drr—! d
Lo gt 081 e g

Answer

dn—l ot xn
In_dfxﬁ{m Iogx+—x—J
n-1 . dn—]
= S (e g )+ oo ()
m-1
=n dxn_llx“"logxl-*(n—l}! =Ilfn_]+(n..1"

IL=nl_ +(n-1)

Que 2,13, , If u = sin nx + cos nx, then prove that

u, =n'{1+(-1) sin 2nx)"?,
where u, is the r* differential coefficient of uw.r.t. x.

Answer I
U = 8in nx + cos nyx

e ;
The r* differentig] coefficient of y is given as

|AKTU 2017-18, Marks 35|

2-11C (Sem-1)

atiCS‘I
Mathem

( rn ’ rn

ur=n'sinl"1+? +n’ cos RI+—§—J

o paring and taking the square root, we get

R H“i“ (e 7] con s ERM

1/2
=n [1+2sin[n:c+—r—n] cos[nx+£1—t]]
2 2
= n'[1 + sin (2nx + ro))'?
= n'[1 + sin 2nx cos rn + cos 2nx sin ra]V?
u, = n'[1 + (- 1) sin 2nx]"?

(v cosra=(-1) and sin re=0)

/;ﬂ Iy =em %, then show that (1-x% y_,-(2n +1)ay,,,

On

q:n:+ mdy, =0 and hence calculate y , when x = 0.
n
= | AKTU 2013-14, Marks 10 |
OR '
1f cos™ = 1080 then show (1-2%)y, ,-(2n + Day,_ - (n* + m’)y, =
4 hence calculate y, whenx=0. | AKTU 2015-16. Marks 10 |
(0 an
y=emeosls -(2.141)
g -m memms" x
¥, = PILLASS . - S .(2.142)
i
1-2%y =—M
aring on both sides
Squ {1 _x2}y12 = m2y-z .‘-{2.14.3"
Differentiating eq. (2.14.3), we get
—x2 —2y2=m?2y
Rl Vs l 2144)

or (1-x3)y,—ay,-m?y=0 o
Differentiating eq. (2.14.4) n times by Leibnitz theorem, we get

f‘_(fé:ﬂ =2y, =1 =0~ m*y =0

LA2.145)

(1=xD)y, g+ M(—=20) Y, g +
or(1-22)y,,,— 2n+D) Xy, ~ (n2+m®y, =0

mn

From eq. (2141}‘“0} =em cos”l0_ ¢ 2

ma
meos 'O -

-me  __me?
1-0

From eq. (2.14.2),y,(0) =



From eq. (2.14.4)
. (2.14.4), y,(0) = b -
Putn=1,234,... m’ m2y(0) s, , M By,
€q. 'l’2,]_4_.-0-]| ’: e? nh‘]
» We N\
50 = (12 +m?) y,(0) = (124 2y | =k \
)~ me%ﬂ M,themaﬁc’ 2-13C (Sem-1)
S~ . hoth sides
3,00) = (22 +m? - - Mg On squanné -y
‘ 0= +m?) (mz 7x) i 4 @-pyi=my .(2.15.1)
( e J con Jey Diﬂerentiating eq. (2.15.1),
¥5(0) = (32 ", @-V? el
B0 (¥ N DR A a1
ya(ﬂ) s ey or . 5.2)
=(82, i ( Diffefent‘iatins eq. (2.15.2) n times by Leibnitz theorem,
~ (n—
3’5(0}=_m(12 bl{li* (xs..l}ym,*ﬂ”y..;*%rl_} 2J‘,+xyn,1*ny”—m2yn=0
Py s (@n s D52 050
2
J"s(O) = (42 + mz}y © 1 21
g g gl "
. m
.._)‘,,(0}= }(3 +m2) ...... Hn__2)2 n:z“ma) ; (”__l)y*_"l'(sn"' l)xy’-l,‘_(,‘l_m!bn,o-
+ 2 T N
m2(22 + mz) (42 3 m2) m Je : ¢l ‘_AKTU 201415, Marks 05_‘
wenlln—gp, o m g
and —m(1* + m?) (3% + m? mYez | TAnsweE ,
Yas2= m) o iy, = samess@ 2 Page 2-12C, Unit-2.
m2(22 242 tmfle? | Usen_.zinplaceofn+2andn—1inp1aceofn+1_
+m*°) (4 2 i 3
4*+m ) my e Ify= (x+ 1+x‘)-,then find the nth derivative of

il ey
Ify“" +y-lh - 515 ]e *
» prove that

y=(x+ 1+ Pl .(217.1)
2.17.1),

Given !
Differentiating €a- (

, ¥, = m(x+,ll+x‘)“"i1+ﬁ\}

1+ ¥, =My .(2172)
On squaring both sides,
(1+xdy," = m&y*
Differentiating above equation again,
(1 +x2)2yyg + 25Y zZ= 2m%yy,
LA2.17.3)

or (1 +x2)y2+::yl—m2y=0
Differentiating q. (2.17.3) n times using Leibnitz theorem,

A+22,.2 +n(2x)y, 1+ 00 1y, +®p 1 * Wa" my,_ =0

or (L+2%)y,,+(@n+ Dy, .1t (n2-mdy,=0 2174
Putting x = 0 in eq. (2.17.1), eq. (2.17.2), eq. (2.17.3) and eq. (2174

respectively, we get
y0) =1




" % e

Dify,
p14C (Sem) o CTentjy 4
yl{g} = m_}’ tu|\
y@=n b
y,(0) = m*

y, 0= (=D, (0

putn=1, 9,3,4, By v ineq. (2.17.5), "‘r2.|?
¥40) = (m?=1%),(0) = (m? - 12),, !
3,0 = (m* - 29)y,(0) = (m? - 222
_?5{0] = (m* -3 ya(O) =(m?- 32) (m2 B
30) = (m? = 4%) (m? = 2)m? ™
d so on.
‘?‘nhus using above results, we have
0= i =1)m” = 8) s = (1 =20, if i odd
WO it - 2) (P =) I = (0= 2P, 3 s gy
0218, | If y = e, then prove that (1 +2%)y, 4 (2 _
Q“ 2 2:!' “yl ={|
iy

(1429)y,,,+ 20+ Dx- 11y,,,+nn+1)y =0.

Answer I

Given : Y=o (218)
Differentiating eq. (2.18.1) w.r.t x, we get -
st |

= E“ f—
N 1+ |
| (1+x9y =y (21&2J:
Differentiating eq. (2.18.2) w.r.t x, we get o

l1+x’bv2+2,y1=y1 .
1+
+xb"-"+21y1‘.?1=0 |l|

Loy, + @e-1y, 2 ¢
; (2,189

Now, differentit;

N\ Mg (2182)n times by Leibnitz theorem, we get
LR e " u '
{200+ Czy"_:(2)=_y" |

(144 I
| -'t)y.‘.1+(2nx~1]y_+n(n-1) |
e (2184

=
|

.Weget
ne1t2ny 4 n(n -1y, =0
ﬂ+|+ﬂ(ﬂ.+1ky =0

(1442 ner *ldny -
+x b’.a2+|2[n+ Ih:--}_

2-15C (Sem-1)

PART-3

nd Evolutes, Curve Tracing : Cartesian and

 Involutes @
velope Polar Coordinates.

En

_—— cONCEPT OUTLINE : PART-3

: Envelope E of a given family of curves c is a curve which
' ches every me mber of the family of curves c and at each point of
:;e wnvelope Eis touched by same member of the family of curvesc.

Curve Tracing : It is the method of finding approximate shape of
curves from their cartesian, polar or parametric equation without

plotting 8 Jarge number of data points.

Envelope

S T
Questions-Answers

Long Answer Type and Medium Answer Type Questions

Que 2.19. | Write the procedure for obtaining envelope.

Answer |

Step I : Envelope is obtained generally by eliminating the parameter o
between the equation of the given family curves

fx,y,a)=0
U _fxy,@)=0
do

.(2.19.1)

and ..(2.19.2)

Where s—f is the partial derivative of fw.r.t. a.
o
Step II : In case o cannot be eliminated between eq. (2.19.1) and
- eq.(2.19.2), then solve eq. (2.19.1) and eq. (2.19.2) for x and y in terms of
«. Then the envelope is given in the parametric form by the equations
x = x(a) and y = y(a)
Step II1: If the eq. (2.19.1) is a quadratic in the parameter a or quadratic
in some parameter A which is a function of «, then the envelope is given
by discriminant equated to zero.
Suppose fix, y, a) = 0 is rewritten as a quadratic equation
A)2+BL+C=0 (2193
Where A, B, C are functions of x, y while  is either « or function of a.
Differentiating eq. (2.19.3) w.r.t X.



: Differgp,.
216C (Sem-V ety
——
240 + B=0 or A=- ﬂ !
: f
) fromeq. (2.19.3) by usingeq. (2.19.4) e o & 4,
d envelope as S,

£]+C=o

R A

liminating
of the require
2

B el

A[-—EAT +B 24
ie., B2-4AC= Discrimma.nt =0

Step IV : Envelope of the family of normals
evolute of the curve C. .

Step V : For a given two parameter family of curveg

flx,y, 0,8 =0

with a given relation gl

to a g‘i\fen cun’e U .
|

a, p) = 0 between the Paramet,,
Ty |
J

ter family b !
eq. (2.19.5) can be reduced to aone parame mily by ] .
one of the parameters sgyﬁ in terms of a by using the si:?;%
gla, B). Then proceed as in Step I. Telg,

Que 2.20. | Find the envelope of the one parameter family o e
y=mx + am? where m is the parameter and a, p are constang,

y=mx+ am? »--(2.211]
Differentiating the given curves w.r.t. the parameter ‘m’, we get
0=x+apmP-1
1
or m= (_i]”"” 2203
| - 2ﬂ.9~;,
Using eq. (2.20.2) eliminate m from eq.(2.20.1)
. = I -
y=(__J1p-llx+a(iJ[p-ll _
m pa !
l
ye-b . [:j'Jx"‘”-r-a"'"(_—xJp |
. a
s apfyp-1g 1 P
Eg. (2203) is the eguris 2, * (=P (220
curve €quation of peqy; d : i
. quired envelope of given family

t| Determine ¢,
* envelope of the two parameter familyd

X
\E*Jiz-l

| L

Efrer
_— et

-

2-17C (Sem-1)

Msthematics -1

two P,rameter a and b are connected by the relation
S :here ¢ is a given constant.

P jven relation
Using the 8% C
_ g from the given family
LN - 8

a c=a
h is now 2 one-parameter family of parabolas with a as the

pliminate b =¢

- (2211

=1
Whic
amewl;ting eq.(2.21.1)w.r.t'a,

D;.;ferenﬁ
E( )0l

(-1)=0

3
(c—a)?

i .(2.21.2)

Substituting eq. (2.21.2) in eq. (2.21.1), we get the required envelope as

i |
3 I
Ixm sy T . y__li »
Cxlfa {c cx]f’.'! I
T S o |
ikl JJ

1
1313 V3
or  [x¥P(V +y1-3'|]2 + Iyzfa(xus +y )

1 i 1 o
or (' + y ) [(*7) + (y0)F) = V2

13 12

(& + ) = ¢
Thus the envelope is the astroid given by
x4 ylB 2 18
Que w.[ Define involute and evolute. How will you find an
evolute ?
A Evolute and Involute :

As a point P moves along a given curve ¢,, the center of curvature
corresponding to P describes another curve ..



2-18C (Sem-1) Dme"’ntiaj
is known as the evolute of the gj, C‘k‘\

known as the invo

B. Determination of Evolute : |

a Cartesian Form : Lety = flz) be the equation of theg,
cartesian form. Then the coordinates of the centey ufq"_':n Y

at I'i
’ X=x-y,(1+y])ly, "’""\
Y = y(x) + (1 + ylzyyz .[Z

form the parametric equations of the evolute of ¢ W 2
the parameter . - edlnh,m;
In many cases, the parameter x can be_ eliminated e ) ‘
o 472 T el a elation bemen a8
fIX, Y) = 0 which is the equation of 1;.he required evol . oruhh

b. Parametric Form : Let the equation of the curye e _in
form x = x(t), y = y(t) where ¢ is the parameter. Thep it p&%

equations of the evolute are pa;,%
ot 2
X o ) LE 1Y)
ry -x'y
™y 12
Y =y s 2L
» X y _xll' yr
Qn.-.w-,.:-' Determine the parametric equations for the evolue,
A

the curve s = Fiil

dx
r=—z= "= 1= dy "
it -3'“»y—d—t =ty =48
'I‘l .
® eoordinates o the center of curvature in parametric form are
X=xp- Y& +y?
xfyu_x., y,
P8, 8
wo LU 40) 5
4 yf gE =ttt (2281
4 tird
Fayis 207+ 5%
, Ty
" ute that the ameter ¢ 415 _ g6 '_'Et +t? (2030
€

par.
eq, (Y nn
’ =), annot be g ;
Paramety, Therefore () €liming

2239,

: ted betw ) and
Quatigne v cQuat eeneq. (2.23.1)a
Quationg x . x(t) an 1on of the required evolute in tht|

~Y10 are given by oq, (2.23.1 i

C \ ma
1 Mathe
W!l

e

r~—-,@;§m_-.'-'-‘”*" :

o | 2-19C (Sem-1)
t1C8 -

J”

2*
/g'.'zﬂ Find the evolute of the hyperbola 5 =5 =1. Deduce
.e“e .
evolute of a rectangular hyperbola.
the

gwer
Al:l]gj.;lual.ion of hyperbola
2
f——i.&ﬁ ' ..(2.24.1)
at b
l}iﬁ'erentiating w.r.t. x, we get
2 _WN_g
@ b
dy_b'zx
or N® g g8 y (294D
dzy 2.2 2 2
80, J’z=3’"=y=a4—3(ay ~ %)
4
o b_ia .(2.24.3)
a y
From eq. (2.24.1),
2 2 2
2= 27 orad?-b?=-bl?
b a?
Now the center of curvature is
b2 x b-l.xﬁ 02 3
X=x- [_2“][1+ - 2][_—’:
a-y, a'y -b
X=x bﬂﬂ‘ + ﬂ2b2 xz = aibs + b‘xg
/ b%a?
332, 2
i x_{j%a_} «(2.24.4)
a
Similarly,
b [ - a’y®
rere (e B5)(5E
Y:l{—b‘ia? +34},2+b412}: —yata2+52) e
_b.‘ag b-l wnel e dai
{ a* \i
Fromeq. (2.24.4): 42= | -2 X., e
{ a +b°!



3 20C GV Terenty
( BY }* Q"\

Lyl=
From ed: QA5 | bt
2 £ A0 1,
Then, 1_? b a’la’+8? ‘S‘,‘(;Q‘f
Thus the required envelope is, * ﬁ'J

(ax}w_{by)m = (@*+b))°
hyperbola with a =b the envelope
Forarecttng e ) "edcey,

the procedure for tracing the curyeg in
polar coordinates. Utey

m Give
o;ﬁrdimta and

Raswer |

A Procedure for Tracing Cartesian Curves :
a, Symmetry: See if the curve is symmetrical aboyt any Jip
1. Acurveis symmetrical about the X-axis, if only evep, ¢
y occur in its equation. (e.g. y* = dax is smmetﬁmwe’ll
X-axis) on if the equation remains same by re;:'!aein{:aj
9. Acurveis symmetrical about the Y-axis, if only evep l: b’"
2 oceur in its equation. (e.g. x* = day is symmetr;
Y-axis). etrcel iy
3. Acurve fssymmetrica] about the line y = x, if on interchgy:
x andy, its equation remains unchanged, (e.g. x* + ys !
symmetrical about the line y = x). = oy
b. Origin:
1. See if the curve passes thro igi
ve ugh the origin. (A curve
2 ;rhmtlsh the origin if there is no constant term in its equzua't:
- Ifit does, find the equation of th
Pl e tangents at
. equating to zero the lowest degree t:fnfs ER
. Itheoriginisa double poj '
e i t, o
cusp o conjogai, pointl.m nt, find whether the origin is a nod,
¢ Asymptotes :

L Seeifthe
curve has any asymptote parallel to the axes.

2. Then find the il
d Points. inclined asymptotes, if need,

L Fin,d thE .
point,
a8ymptotes, § Where tho curve crosses the axes and the

% Find the pojng

to the X.ayig where the

tangent js .
L., : parallel ar
¢+ the pointg where dy/dy = {;’Z ir}j‘wndmd

=
2-21C (Sem-
themstics . ] Seln 1)
e Find the region (or regions) in which no portion of the curve
3 =
exists.
for Tracing Polar Curves:
B etry : Seeif the curve is symmetrical about any line.
S)"”: curve is symmetrical about the initial line OX, if only cos 6
1 P @) occur in its equation (i.e., it remains unchanged
(or 20 is changed to- )¢, =a (1 + c08 )i symmetrica
pout the initial line.

¢ is symmetrical about the line through the pole

B A ariotheinital e 2, OY) fonlysindlorusec)

;’;m-injtseqmﬁﬂﬂ- (i.e.,it remains unchanged when 0 is changed
ton-0)eg,r=a sin 30 is symmetrical about OY.

is symmetrical about the pole, if only even powersof r

b A e., it remains unchanged when r is

oceur in the equation (i _
} mgedto_r}e.g.,r’.ea’cpa%issymmm;mal about the pole.
fr and 0 are confined between certain limits.

b. Limits : See i
1 Determine the numerically greatest value of 7, so as to notice
" whether the curve lies within a circleor note.g., r=a gin 30
lies wholly within the circler=a.

on in which no portion of the curve lies by
es of 0 for which r is imaginary. e.g.,

9 Determine the regi
n the lines 6 = w4 and

finding those valu
/2 = a? cos 20 does not lie betwee

= 3n/4.
& Agy':.ptitel « If the curve possesses an infinite branch, find the
asymptotes. ,
d. Points: )
1. Giving successive values to 6, find the corresponding values of
2. Betermine the points where the tangent coincides with the
radius vector or is perpendicular to it (i.e., the points where

tan ¢ = r d6/dr = 0 or ).

ae 2.26. Trace the curve y*(a - x) = 2",

Given curve : yXa - x) =23 _
y are even, the curve is symmetrical about

Symmetry : All powers of
X-axis. ‘
Origin : Equation does not contain any constant term, therefore, it
passes through origin.
Asymptote : Parallel to Y-axis by equating the coefficient of highest
degree of y to zero

a-x=0

x=a
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9-22C (SemD) Diffey,
We can discuss the position of the curve w r ¢ i
Y r
X=4A q
Y=0 Tangen
0 '\ (a, 0) X
Fig. 2.26.1.
4 Points qf _Intersection with Axes : The curve meet
at t-he origin Only ans am P
5. Region: Equation of curve \
‘ 3
Y -
\a-x

y? is negative for x <0 and x > a.
Thus curve does not exist fora <x < 0.
Required curve is shown in the given Fig. 2.26.1.

Que 2.27. | Trace the curve y*(2a - x) = 3,

AKTU 2014-15 2015.
’ IB,M‘,&“
Answer |

Same as Q. 2.26, Page 2-21C, Unit-2.
Replace a by 2a.

%?ﬁ-‘hmthecme:r’=a3m 20.

[ARTO 201675 iy
Answerl

3 'ghe equation of the curve is r* = a2 cos 20
ymmetry : The curve ig symmetrical about the initial line
0=

2 Origi
B or Pole : pyt , - Oin eq, (2.28.1), we get

€08 20 = 0 = cog (tﬁ)
2

«(2.08)
, the lin
and pole,

A

B= + ,_’! .
1¢2, the curve pagge th: » Which are real,
S through ¢ ,
arege T gh the pole and the tangents at the o
e
M“’When, 0
=D,f=ia

Mathe matics - I 2-23C (Sem-1)

Hence the curve meets the initial line at (x a, 0).

Ry p has no tote.
totes : The curve asymp
AsymP i
value of ¢ T2
n
When exlio= 2
0=0,r=%xa
:-";rme at the points (@, 0) and (- a, 0), the tangents are perpendicular to
ence, &% =/
initial line. .
the m_lnl Points and Region:
From €4 (2.28.1), r = a yJcos 20 (Taking +ve root as the curve is
]ﬂetl'ical a,ho'l.'l.t the p'Dle}
s dr -asin20
= do ~  Jcos 26
L decreases in this
i 0<0O< 4.d915—ve:>r ecreases in range
3n dr . —
For S <B<m, Jp 15 *ve =rincreasesin this range
When 6=0,r=a

As 0 increases from 0 to % , r decreases froma to 0.

For o< 3= , r is imaginary. Hence, no portion of the curve lies
4 4

: T _3n
between the lines 6 = 1 and 6= T

i i s from b= to m, r is +ve and increases from 0 to a.
Again, as 0 increase: n :

Thus, we can trace the part of the curve about the initial line. The part
of the curve below the initial line can be traced by symmetry. Hence, the
shape of the curve is as shown in the Fig. 2.28.1.

)
0 =3/4

(-a,0) Ala, 0)
T 5 x
2

=-n/4
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9 Symmetry: Equation contains only even Powers of 5

9-24C (Sem-D) iffor,
g
mwwecme:iaf-x(x-za)z_ |

The given curve is, day? =x (- 2a)°
e ion of the curve does not
1 Origin:Theequationo ry e
Therefore it passes through origin.

ain any '30]1! |

laht'ﬁi

symmetrical about X-axis. theref% _
0

3. Point of Intersection with X-axis : On Puttingy -

we get *ingq, 7]
x(x-22)*=0 1
x=0,2a
On putting x = 0, in eq. (2.29.1), we get
y=0
~ So, the point of intersection is (2a, 0).
4 Region: day*=x (x-2a)?
Jx
= (x-2a
T el
¥ becomes imaginary if x < 0.

. Curve does not lie on left of Y-axis.
Asymptotes : The curve has no asymptote,
6. Tangent : Equating the lowest degree term to
Therefore x = 0 is tangent at origin.

Y

g

Zero, we get x =

(2a,0) i

the | -
Trace Curvey = (6 -gin 8), ¥=a(l - cos 0).

@1&1’{, Marks 04]

M nthematiﬂ! -1

L

2-25C (Sem-1)

x=alb-sin ),y =a(l-cos0) (2.30.1)
us trace the curve firstly for values of 8 in the interval [0, 2x]
gymmetry : On changing 6 to -0 in eq. (2.30.1), changes to — x and y
remains unchanged. Therefore curve is symmetrical about Y-axis,
Origin Putting y = 0 in eq. (2.30.1), we get,

Let

a(l-cos8)=0
1-cos@=0=cos0=1or0=0

For 8=0,%= a(0 - sin 0) = 0. Therefore, the curve passes through the

Iptotes : Since for any finite value of 6, x and y does not tends to
. & :te therefore the curve has no asymptote.
points of Intersection :
Intersection with X-axis : Putting y = 0 in eq. (2.30.1), we get
=0 which give X =0. Therefore, intersection with X-axis is (0,0).
i Intersection with Y-axis : Putting x = 0 in eq. (2.30.1), we have
g-sin6=0, which is satisfied by only 6 = 0, which gives y = 0.
Therefore, intersection with Y-axis is (0, 0).
Begion:Weknowthat—IScos <1
Multlplyins by - I,WB get
12-cos02-1 or -1<-cosf<1
1-1<1-c088<1+1 or 0<1-cosB<?2
0<a(l-cos0)<2a or 0<y<2a
Curve lies between the lines y =0 and y = 2a.
Special Points : From eq. (2.30.1),

dx = a(l - cos ) and L =asin b
do do
dy asin 9 0 1
= s —cot—=—— ..(2.30.2)
dr ~ al-cos®) 2 . 0 |
- 2

Corresponding values of x, y and dy/dx for different values of 6 are
given below :

] 0 w2 n 3n/2 2z
) [ [
x 0 |a [E_ 1] an 2 T |
y 0 a 2a a 0
ﬂ = o] l 0 —1 x |
dx i |
Tangent at the point (0, 0) and (2an, 0) are parallel to ¥-axis.

(v dyldx = =)



Tangent at the point (am, 2a)is parglje) . Yo
Fromeq, (2302) '

0=2
Fig.2301. " X

Que 231, I'l‘mcethecurve:y’(a +x)=2%(3q - y),

23]

The equation of the curve is

Yia+z)= *3a-y)
: Since the

L Symmetry Power of y are even, therefore the
SYmetrica] aboyt .

curw

2 Origin ; Equation does Dot contain any constant term. Therefors

Passes thmﬂghoﬂm? (0, 0. nts at the origin are giventy
Y=gy

Which r, —
a&@:e lt]t " 1on-Coingident Straight lines. Hence we ur
3. Asm at the Origin

1P, - i
degree ofy o u::lllel to Y-axis, by ®Quating the coefficient of highes

E'I-.t':]]
' of Ingepy S -0
(0 terge, :
i ' 0) whije ;4 Axes ; The curye meets X-axis
Eq.(p "eets ¥.axj 0
3L1) cap pg . ¥ nly at (0, g),
’ewhttenas ’

b e x a+x
= al
o0, then Y ndsmall,yiste
1fx= poslt' 3a <3
When da-% . = e,
a
atx
Also y< 3z &
= J3x.
enty =
" urve lies below tang y=0
C = ] e ]
il ; > 3a, yisimaginary
At en x=4a, y=o
Wh 2a _ (nearly)
When patnd 120‘-
,::20, y J§ l}x_uwiubetangent.
Whell - {%’ 0}‘ then by eq. (2,31 ;ommate shaIE ofthe
transfer OTigIn 2" consideration, the app
fwe e points in
. above PO’ i
Takiog &} F Fig 2.31
curve1s Y
A | e
1 %
A\ A
(30,00 x
“'_——_O 7, N
X * Lo
A
v
Fig. 231.1
@00
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Differential Calculus-II
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Partial Derivatives.

CONCEPT OUTLINE : PART-1
b

partial Differentiation : If a derivative of function of several

independent variables to be found with respect to any one of them,
keeping the others as constants, it is said tobe a partial derivative. The
operation of finding the partial derivatives of a function of more than
one independent variable is called partial differentiation.

9 0 etc., are the symbols used for partial derivatives. @, % can
o’ oy ox Oy
also be denoted as u., .. Second order partial derivatives are denoted

] 2
b)’ 62: § o !E_:: oru,, un-' u\}" |
o oxdy oy
Note: If u = (x, y) and its partial derivatives are continuous, then

0 a7
du cu

'L/ oxdy Cyix

Questions-Answers <J

Long Answer Type and Medium Answer Type Questions J

: &z @'z
81 |Ifz=2+ ify —=—.
Que A ¥ verify axty  oyox
Answer ’
z=x +J,P‘ W31

Differentiating w.r.t. x, we have

0z 1
— =yx* 1+ y logy
c Y y log Yy

Again differentiating w.r.t. y, we get
0z
dyox

1
=t 4 yrtlogx +xytlogy +y —
¥

=2 (1+ylogx)+y 'l +xlogy)
Now, differentiating eq. (3.1.1) w.r.t. y, we get

a0z
— =x"logx +xy "
Yy
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Differentiating w.r.t.x, wege 1 l

jff_ = yxr-i log x + X ; + y'~1+xyx-1] 34C [Sem-l? Differentia] Caleulus-II
0g
a
i (1+ylogx) +y-1(1 4+ _‘3—[ 2@] = — [nr*!(3cos? 0-1
0, %2 *log ) cal a) o andai.
'Q_Z_ e =n(n+l)r* (3cos?0-1) ..(3.3.2)
Thus, yox  oxdy 3
e’ Now, u=r"‘{3t:oszﬂ—1)=r"‘(—é(l+oos29]—1]
: - =e" cos v o
Que 32 lIfz:ﬂx,J') where ¥ »Y =€ sin p, pl‘ovethm‘ Differentiating w.r.t. 6, we get
3 2 2 2 _BE =rn [E —2 i ] ==- i
g ~E oo firien) e
\ax) \0y ou: \ew ou
s _ 9 . "
sme-ea.-—ﬁr"sm Bcos O (- sin 26 = 2 sin 6 cos B)
Answer I d ou : 2 - 2 ;
af Ya ¥ = smege— = - 67" (2 sin 8 cos® 8 + sin” B (- sin 0))
L = — ==
g; ;au o Ou %[sﬁﬂ%} = - 6r" (2 sin 0 cos? O — sin® 6)
a=a(&!"::osv)-r%(e“sinv) ( a
~82y __.l_é.[—q-[sine?a%)] =—6r" (2 cos? 0 —sin® 0)
Similarly, q. g# e sinu)+g—-{e“ cos v) =
o ox oy (3.2 1 (0. a0u)) - 2
_ _ 1 (0 (gino || =—6r"(3cos?0-1) .(3.33)
Squaring and adding eq. (3.2.1) and eq. (3.2.2), we get sin 0\ 00 G
1 2 2 2 Now put all these values in eq. (3.3.1), we get
[i] +[£] =ez«(@) Hn(@) nin + 1) (3 cos? 0— 1) = 6r" (3 cos? 0 — 1) = 0
ou/  \ow ox oy M (3cos?8-1) [n2+n-6]=0
2 2 2 2 Since, r* (3 cos?6—1)# 0
8-
du ov ox oy n-2) n+3)=0
Q’ﬂeu' -' n= 2,—3
Irorwmwueoru,u-mcscosse-nsatisﬁe.th.“ - -
equation i[r,é‘g)+ 1 o(. ou Que34. |1fu=fir) where r*=x"+y" show that
a\" or Eﬁ&{"“jﬁ) =0? u o 1
B i)+ — i) [AKTU 2015-16, Marks 05 |
\l [AKTU 2013-14, Marks 03 il __
E[rzé-"i]+_l_ O(. ~éu ' e § sl
o\ o sin § o |10 e'éa) =0 ( Differentiating partially w.r.t. x, we get
. o U=pm | MR e
Dlﬁerenuatmgitw,r_t,rl vfg;::ze—]) 2r@c =2x or P
u o, Similarly, X =2
=5 " Beos?ho )2, a - @
2 8 =nr*1(3 cos20-1) Now, u=fr)

oo = nrtel -
ér (Beos?g_y) = = fr =

X
= r) —=—["r)
Differentiating again w.r.t. x, we get
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u_ 1f[r}+x(--"—Jf(”}+*-f{ )&
r ; x

®

B @ 3
[.'.a;(uuw} uwa"(uhuwa(”]*uui ‘

.-:— (l")
1 xx r(r]+ f(r) f
;"“ -

it B
r fwi’iftr}“;f"“?zf"’

) x?
f (r ) + -;a_ f'[r)

2
‘ ? ] fi fi+ 75 0 Usingeq
smlﬂ.ﬂlj! * .{]j|
2
i‘hi: .8 +y fir)+ 2y fn)
Eb( i"

f_f(r]+—ﬂ,"‘(r) = Ff"”‘f'ﬁ"}

ra

If e"“"'-'"= x -y then show that yg'_— +xg = gt

Que35 “,
AKTU 2016-1 7, Marlq. P
Given : e";'7 =x-y

Taking log on both sides, we get

-z
e log (x=y)
z=-(x'-y) log(x-y)

; éz 1 -
Notw, a == [(x*-y?) x_—_y +log (x - y) 2¢] '
iz
a2 [t +y) +log (x - y) 2x] .(35])
and @ _ (-1)
— [l =42
> | y}(x—yl +log (x =) 2y (-1)]
& _
o =l +y)+log (x-y) 2y
&z
=X
Now adingag ?1) b +3) + 2ty log (x - y) .35
L. "ndeq.(35.2) we get

& ‘.‘:*jr{x-}y)..
oy 2Wlﬂg(x-y]+x(x+yl+Zrylﬂgf’-"y]

3..30(59“"”
Eum""" J;’+y’+z' mdxnumv.y-nlinu.z-uv.then

| provethﬂt[iaf"u%} N

=xlx+y) "3'(-“}'):;:2_3,2

Differential Calculus-II

L .  [AKTU 2016-17, Marks 3.5|

?|®
3’\%’
b

wdy,
oy ou

ﬁ’ié‘

&,
ou

ﬁ(mWHﬁ(smuhﬁ
Qw _ xucosy+yusinu+zuv
Putting the values ofx,yandz
ow  ucostvtutsin®vrut’ wi1+v')_ull+v))
" uy1+0° afl+r 1407

Similarly,

w %(-usinv) + y(ucosv) + zu

= \/_+y’+z

av
qw - XwvSin v+ yuv COS U+ Zuv
v 'é; = J;2+yz+zz
_ 4% cos v sin v + u*vsin v cos v + 1’
- u,/l+u2

n

vt wt
quH:’ _m
Nowi u@—u@ =1.:(1+t.|'2)—m,-2 _
‘0w v \!fl-!-t.r’l J1_+02

Que3.7. ' | Ifu=f(r,s, t), where r = E',,Z'g.;i, show that
e y z x

ou ou ou
= w =" [ARTU 2017-18, Marks 3.5/
Answer
u ﬂrvsuﬂ r:f. 3:2. !‘:i
) 2 x
So ou _Qudr Ouds Oudt
» A R VR, PR
dx drdx dsdx Ot ox
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2 E“_[_l_ Loy ) Differential Calculus-II
_— = as &0 m_i erentl
& ar\y x y'é“ %9‘\ 3-8C(8e
A, i'aﬁ_iéup ¥ % _ 9 tan [ )
a yir xdt P
ou auar Ou ds 6!1 o ""3.1: Now, differentiating w.r.ty, we EEf-.
S Cay By A a’u=g[hm.,1_}
and, y oo » o= 2wt (2-
fu aas[—x)+_( )+6u( g 1 [1
2= —(0)= X ou =2 =]-1
y sy @ a Fatd 7 )
2
u_ -xou you ta z
y@ y ar 265' (a? i xffyz_l
u_ ulr uds Gudt * vy
and, % ke sk e 7Ly
w ?E(OH@(%] ‘3”( )_ you | e
z o as\2) o 2 5;1«;%? Qued9. |If V=f(2x-3y, 3y~ 42,4z 2x) prove that
du -yau+zcru 6V +4V +3V =0, |AKTU2014—15.Marksﬂﬁ]
22— = x y ¥
z 208 xot (any
On adding eq. (3.7.1), eq. (3.7.2) and eq. (3.7.3), we get - Answer '
Let, V=f(P,QR
B_u a_u+zﬂ_ﬂ =0 Where, P=2x-3y
=7y & Q=3y-4
. R=d2-2«
gl Y afx V_OV(P L_VQ GVE
Que 38. llfu-x’tnn ! [;]-yzm I(;];xy # 0 prove thy o6 P& Q& YR
_ L& Rt
a’ll :\" y VI—2—+U—2—-

aP éR
AKTU 2017-18,1\'[ :
ﬁy o 1‘3 '5. GVI'= 12;_}_12 {E ..(3.9.1)
gz d
Answer l av

Similarly, V,= -—(- 3)+ TQ_ (3) + — (0}
u= x'tan [J’] -y*tan” (xJ ' av &V
. . 4V = -12—+12— .(39.2)
Dﬂ’ferentiating w.rt x, we get Y _ y P Q
3 V
Beala: 1 1o | and, V=——(U} —( 4)+ —(4)
P ‘7[-’1] +2xtan-t(z] -yt -t [1} | ' Q
1+~—2- x X 1 x’ ¥y I v av
x +=5 ' V.= -12—+12— ..(3.9.3)
~yet Y £ o) &R
= [;‘2‘:‘;*"29: tan“(-_y_] __¥ On adding eq. (3.9.1), eq. (3.9.2) and eq. (3.9.3), we get
. Y P : 6V, +4V, +3V,=0

R )

I2+v3
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Euler's Theorem for Homogeneg,,, By

e

ction : An expression in which ey,
alled a homogeneous function, Ap

Total Derivatives,
cONC

Eryte N
e"l‘re;:-h'ﬂf

:
x)0

ogeneous =
same degree 18°€

2]
oy f[ 1] a ¥l [ ;] is a homogeneous functjy, of [
X

5

Euler’s Theorem : If 1 is

x

a homogeneous functiopn of x ang
Yo
du Ou
Sl —=nu.
degreeu then I& +yay
Prop.1:Ifuisa homogeneous function of degree n in and they

u

| Eai+y’£us— =n(n-1u
yox O
Prop. 2: f Fu) =V (x,y, 2), where V is a homogeneous functio

+2xy

y, z of degree n, then
u u F(u)
xaﬂ'a‘ "Fw
Total Derivatives :
fu=f(xy), wherex={ (t),y =1, (¢), then -
du_uds oudy
At oxdt oy dt ;

du/dtis calleq the total differential coefficient of u w.r.t. . !
Prop. 1: If u is a function of x and y and y is a function of x, then

;‘E._Bu ou dy
d a3y de

Prop.2:1fu=f(s,y) =ft,t),y=f(t,t), then .
H_0udx ougy !
o, éxa1+'5§:

and, Oy
§=h'@'+@—-@.
1 & o o,

iny,

L=~ 4
=
s

3-10C (Sem-1) Differential Calculus-II

Questions-Answers

e

'Q"ué'"uo‘. Find j:tﬁ as a total derivative and verify the result by
d:rec‘ substitution if u = x* + y* + 22 and x = ¥, y = ¥ cos 3¢,

| AKTU 2014-15, Marks 05 |

;-e’sins“

..(3.10.1)

Putting all values in eq. (3.10.1), we get

% = 2x(2e%) + 2y[2e% cos 3t — 3e sin 3t] + 22(2% sin 3¢ + 3¢ cos 3]
= 4xe¥ + dye¥ cos 3t — Bye sin 3¢ + dze sin 3¢ + 6ze cos 3t
= 4e¥[x +y cos 3t +z sin 3¢] — 6eX[y sin 3t — 2 cos 3¢]
= de%x + 4e¥[e¥ cos® 3t + e sin® 3t] — 6eX[e? cos 3¢ sin 3t — ¥ cos 3¢ sin 3¢)
[*: y =e* cos 3t and z = ¥ sin 3t]
= de¥ x + de¥[e¥] = 42 0% 4 4o +2

Now from direct substitution

u = (e%)2 + (2% cos 3t)2 + (e sin 3¢)
u = e¥ + e¥*[cos? 3t + sin® 3¢
u=elyet
u=2e%

Now differentiating, w.r.t.

a8 gt
dt
So, the result is verified.
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Mathﬁmam [k\
od prove Euler’s theorem £, h \
7| state ® Moy
questh N
functio”®
A’n;""(‘l fuisa homogeneous function of ang
5 Eulers™ Yoliy
n, thet
” ou
'__,+Jl'"' =nu
1t
A
y ptileh 1T
ou -1 (1)— 5 '(—Ji) £4
.a-r- =na" f % {I f x/ | x?
W 1) *x""yf'(zJ
o f:r * -y
st
Smilaly, 3 T oz \%
S ()
Y o __yr'! f X m(3.]1:
Adding eq. (3.11.1) and eq. (3.11.2), we get
ou
doeyg =t [f‘]
ou  ou
r—+y—=hu
x T oy
Que3.12. | Prove that xu_+yu, = g tan u if
s [ B 697) 5
e [JLJ;J‘ [AKTU 2014-15, Marks(i
Answer |
u =gl [ r+ y3}
“ismahomm,m J_+J_
; fi
function. unction, so first we convert it into ahomogenw

3
. 1+ %
Siny= rm x
R
l+[y]

)

E ¥ 4

=

X

:-:T’gé_'ﬂz m—
C (Sem-1) Differential Calculus-II
ot T
Now, sin 4182 homogeneous function of degree 5/2.
By u_;mg Euler’s theorem, we get
xa(smuh yafsmul = n(sinu)
du ou_5
stu—c_g+ycosu > 2 sin u
ou ou_5
Sain Y _ ~ tan
x p™ +¥y Qy 2 u
e b g

6:‘,;1—&.—' Verify Euler’s theorem forz= Ty
[AKTU 2013-14, 2015-16; Marks 05

Toower |

Z= .I__E%—- "ﬂ.t‘, }')
13
::3[1+(y] }
x
&= i 1z
£ 1+[Z) ]
x

z=x"Y8 flylx)
So, z is a homogeneous function of degree (-1/6). Thus using Euler’s
theorem

0z
Y
& "oy 6
" (xV?2 +y”2)1x'm (" +_y”3)}2~x‘m
Now, E,E = " +y1f2)2
1
. éxm(xm +y)- lx:fz(xua £y
X :—.3; = {xm 172)2
ey ~ Eyus{xm ¥ 112]_ __ylaz{szs+J,1.-J)

Similarly, Y 5}'_ - (2 +y”3)2
Now,

L3

xzﬂ, 0z _ I(Iya +y1;3}l-xu2 +y1."!)_l{t|;9+ M 4
ax 3y ("* ua)z 3 C 1 23+
1 @ 4y

TBa Ay 6

6
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Que 8.14. | L (x“‘ +y'e then ®valuate the -
z a’u 3 3 3
a'u H+ -—] _ . _1[1 +y +ZJ
[xlr(ir_'+2 0x0y y’ay, - ax+by+cz
: : +y*+2
" ' ) sinu = m —u(say)
i x4 Yy %\ So, v is a homogeneous function of degree 2.
i sm“[ - IJ Us;ing Euler’s theorem,
xs = 1E+y@+z@ =nv

It is not a homogeneous function SO we convert it ingq . ox "oy .oz

function. a g 5 - L
: % 3"311@% x%{gin u)+y3y—(sm u)+25;(sm u)=2sinu
L1 alauf 1
fryt % 1+(ﬁJ i du ou .

i sy 1 ("X)‘ % —-t+tzcosu—=2sinu

sinu= = J’l " xl or sinule_li + « xmsu&‘-'.ymsuay -
gy 1
X 8 ou ou ou _
X + : 1+(2J3J xE+y5+zE =2tan u
; x
Now, it a homogeneous function of degree L )

12 | PART-3]
By Euler’s formulg. x% +y@ o fl)

- = =n—

Taylor and Maclaurin’s Theorems for a Function
() of One and Two Variables
1
Where, n= De
_lsing gree'a“dﬂulasin“ CONCEPT OUTLINE : PART-3
12 cosy, = 75 tanu | ]

4120, by Bulers formy)q 12 054 12 Expansion of Function of One Variable -

2 u i Pu o Taylor’s Series : Let f (x) possesses continuous derivatives of all
ot TAyY— | 2 bl , orders in the interval la, @ + A, then for eve sitive integer value
ox dtay ¥ ayg =g(u) [g (U) =1] [Where' g(u) = nf{HJ | of n, SR ’

1 2 Fw] | - R? R f™(a)
o ﬁtanu[f'ﬁ'i_ffhl w X secty 19 | f(a.+h)=f(a)+hf'(a)+-2Tf'(a)+.........+ 0 (1)
12 12 tan i — Xl | ! n!
= --!____ 12 , The series (1) is the Taylor’s series for the expansion of fla +h)in
12x12t‘““!t[tan’u+1-_12] F %“:’;‘:s of &.
s 1 AR
‘mtan“[tnn'u-uj % i Puta+h=borh=b—-a,ineq.(1)
S : = 2 = n
2 m“hm-- | F®=f@+®-a)f @4+ & :1) Frlads.....4 20 f‘) f*(a
: i, Puth:x-—aineq.(l),weget .. .
! -a)? i
| F@) =f@)+x-a)fa)s & 2'“) @)+ wZ=ay = 2 ()
ssa L .
[ ni. Puta:()andh:xmeq.(l).weget
B




AR AT

[ xz y
£ =f(0) + xf'(0) + éTf 0)+....... IH

Thisis the Maclaurin series,

. 3-16C (Sem-1) Differential Calculus-1I
i S e e e
:;;ﬁl:;;d:rs in the interval (0, x]. Then for evEr;nUo;J: dem _Que 3.16. I Find the Taylor’s series expansion of flxy =2+ xy?
' tivg . U 2,1).
'{0} r}f'(o) x" V h]l&; apﬂ“t point(
fe)=fO+xf O+5 +""""'+‘“f"(0) ‘ An'werﬂ g £(2,1)=10
= H — x,y)=X + xy5, ' =
The exiea (4 a known ae sl sncis i finit g 3 fan=3ey, 011
of f (x) in powers of x. nrth‘,_‘Ex £y = fi2,1) =12
Expansion of a Function of Two Variab]e, Da'ia f,(x, y) = 2:3!, f(2,1) =4
for a function of two variables, . Taylol.,a " f (x,y) = (2,1 =
Ry f, (x,y) = 2}’, f,(2,1) =2
w+h,y+k)=f(x,y) (hi AP % Using Taylor's theorem,
[ethy+Rnf o y) e\ At > f+.ﬁ(h_ﬁ+k_£rf flo, =D +x-2f, 21D+ -1f @ 1)
1( 3 % +%[{x—m"'f”(?,1)+2(x—2)(y—1]f;y(2,1)+[y—1}2f”(2,1)]+...
3l +al)’ . 1
Corollary 1: Putx=q,y = Mg ayJ f+-..,,_L =10+ 13(x-2) +4(y -1} + Ellﬂx-m’+4(x—2l(y—1}+4(y_1}=]+___
fla+h b+k)= fla, b]+[kf(a b)+kf(a s m Expand log x in powers of (x - 1) by Taylor’s theorem
and hence find log (1.1).
S @b+ —
. 2! +2hk f, (a, B)+K, (a,p) Y Answer |
rolltll'jr2:I]:na\bow.-expremiionputc:+};=Jr behoe fx)=logx=log(l+x-1)
F15 e 0+ k= =logl@a+h),a=1,h=x-1
V)= 105)+1(x~a)f, a,b)
.la, +(y—b}f,(a,b}]+ i f(x)=logx, f(h=0
|
. 1
"(x)= =, frfi=1
S le-of f.lab) ! x
2 a,b) + 2 (
=a)(y-b) 0(@,0)+(y- -b)f - @b , 1
Corollary3: Put -, o fr@= -7, (=1
n above expression s 2
flx, ") = 5, (=2
Tisie gy, f O, °J+2xyf 0,0 £ ()= ;_f‘, f™(=-6
. According to Taylor’s series,

fo) =1 + (-1 fr1) + E= ” (i VPO G )f "W+

Putting values in above equatlon we get

. (x -1y (x-1)" _ (x-1)°
Flx)=logx=0+(x-D1+=——-D+ig(@ +

(=6)+.......

log = (x.—l)—%(x—l]g+%(x-1)3-%{:—11‘ o
Put x = 1.1, we get




athenstie®”] 1 <
by Y I 1
| 1-D-5 A1 ] \

(1.1
o Eﬂ-l\]

Jogfl.l) - 0.095305 tApproximate) |
i t”tﬂ-ﬂ'lyjn powers '
que 8.15- Expnndﬂr.y:s e, .
) f degre€ ~
upto tWO terms 0 b\l
,."". wer ’ 1 gt Bt
s g)=E L ™ Ty
f{;’y’:fe‘-:‘::_ly: fxx(il’ll)=el tan‘llzﬂbl
T (v e
fyu})s-zymny), 7, e
; : f-‘y (1! 1) =e/2
f (X,ﬂﬂ I"'J”,
Using Taylors€ on, )
)=fL, D+ [E-DEL D+ -Dpa g,

b - LA D+ 25D 6y,
! +(-1)2 )
- IJ f-;',"{l’ -UJ‘#

e 1 g M€
A o-Df gt D0
+(y—1)*(__e:U
2

fix,y) = §+(x—1)4£+(y-1)§e

1 ne e
+-2-?[}I—I)2.;_+e(x—l)(y-1)-5(‘3,_1)2]1‘“.

Que 8.19. , Obtain Taylor’s expansion of tan™! ( f) , about (1, 1) up

to and including the second degree terms.
[AKTU 2013-14, Marks 05]
Let
fix, y) = tan™! (;’) -
x ' ﬂLlJ:I
of _ 1
¥ 1 (y)_ -y ;
N JIFz) o L@ D=7

e |
X

g-18C ( Sem-1) Differential Calculus-II
e
o {-'Y 1 1 x 1
s —}= S, D=2
24 “,yZ(xJ 2+y fy ’ 2
2
o'f 2xy 1
—= = =533 (1,1) = 5
r}xz {xz +y2)2 fxx 2
#f ~2xy 1
%_E:(xz**yz}z' [, D==7%
o __x2+y2—212= 2.8 5 L
P 2 +y*» Bryr 7T
By Taylor’s theorem:
o iyn
ﬁ’x,y)s f(a,b)-l»[(xwa)a—x—-r(y-way
7

1 Cf
—|(x—a —o + X = )(}" b} (V—b} — e
1( af a —_—t 2 +

1 1. 3l (%J _ ;dl
tan™ (%J =;—r+(x—l)(—r)+(y—1)§+§§[(x (2] +0+0-17 3
1 2
-=(y-D
ried

y) is powers of x and y upto terms of

Q,em.' l Expand e*log 1+
: A.KTU2014-15. Marks 10

third degree:

Answer l

flx, ¥) = e*log 1+y)
£, = e*log(1+).
fﬂze"]ogil +¥) f(0s 0=0
fmze’logfl-ry). fﬂx(0,0}=0 ,
* (4
€ R |
f;xx= 1+y’ f-;" 0,0 1+0
e’ _
L fy(O, 0=1
1+y
.8 £, 00 =-1

£.(0,0) =¢e%logl1=0

=X £,00=-1

2¢ f, 0,0=2



x

e

it b
f“'-" 1+y' fq (0, g) _ L‘!\
According to Maclaurin’s series, =1
-1) i i
f,, =f0,0) +15£,(0,0) + 7, 0, 0)] + g ; 4.20C (Sem Differential Calculus-11
2! xr 0, 0} -
Put all these values in Maclaurin’s series, +y2, 20 '
y 1 » 'f[}I I Maxima and Minima of Function of Several Vari
e'log(1+y)= y+ay-oy"+ 1,1 - 0, Lagrange’s Method of Multipliers. araples.
2 i “‘yz
QueMl.lExpress the function flx, y) = ,2 e 3 r/’g’u:BTEPT OUTLINE : PART-4 —
! i i i ~ 9 - . l
Taylor’s series expansion about the point (], 2). % . Maxima and Minima of Functions of Single Independent ]'
“ variable:
A function f(x) is said to be maximum at x = a, if there exists a positive
Answer humber & such that,
for all val f h i :
e f(x,y}: =x*+32-09r 9y, 96 {(cg ;)h) < f (a) for all values of h, other than zero in the interval
re, a+h= > ey 2 -
ras x or21 th=xorh=y_, A function f(x) is said to be minimum at x =a, if there exists a positive
Sar +k=)’0rk=_y__2 numberSsuchthat,
L _'"\ fla+h> f (a) for all values of h, other than zero in the interval
X = 1

Now, Taylor’s series ig

Fathb b= r,p), [hﬁf;
&

(- 8,8)-
working Rule for Maxima and Minima of f (x) :

i Findf'(x) and equate it to zero.

ii. Solvethe resulting equation for x. Letits rootsbea,,a,......then
f (x) is stationary at x =a,, @,,.... Thusx=a,,a,, evereene ATE the
only points at which f(x) can be maximum or minimum.

i Findf" (x) and substitute initby turnsx=a, @, scvevvvevnrrnenees

w. Iff"(a,) is negative we have a maximum atx =a.Iff"(e ) is
positive, we have a minimum atx=a.

v. Iff"(a,)=0,findf"(x)and putx =a, init. Iff"'(a,)# 0, thereis

neither a maximum nor a minimum atx =a . Iff"'(a,) =0, find
f""(x) and put x = a, in it. Iff " is negative, we have a maximum
atx=a,,ifitis positive, there is minimum at x=a,. Iff" (a,)is
zero, we must find f""'(x), and so on.

Repeat the above process for each root of the equation f'(x) = 0.

Maxima and Minima of Functions of Two Independent
Variables :

Let f (x, y) be any function of two independent variables x and y
supposed to be continuous for all values of these variables in the
neighbourhood of their values a and b respectively. Then f(a, b)is said
to be a maximum or a minimum values of f (x, y) according to fla+h,
b + k)is less or greater than f(a, b) for all sufficiently small independent

values of h and k, positive or negative, provided both of them are not
|_Equal to zero.
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axima and Minima of £ (y. . . \
orking Rulefor M y): SUp B\

W B 0
Bap Sem-1) ; A
tinction of £ 81 4y, Find gg it _gyf_ f(*u,J 3-22C ( Differentia] Caleulus.Jf
: iven anq .
is ag .Bol"e : Multiply ed- (3) by 2 and adding to eq. (2), we get the requireq P —
t-oméf-so andi=0.ln0rd h _a_’r___'_h@:o *
simultaneous eQUaEIO™ gy o ° sy, Al
i t
tions we may either eliminate one of the Variableg he,Q LY g =0}
the equations. Inthe h?ttel' c'!:;e eacllll ?czr Of; e first eq,l!:tfac%ﬁ t?f o
Ived in conjunction with each actor of the gecqp " Ony k=0
gfl::f-‘:e on solving these equations we get the pairg Ofv:lieeq"“‘iou: haz bo zhree equations, th
tc.. then all these pairs of roots wil] o Sof, Solving the aboV: : 1018, the values of x, y, 7 ang ;,
yss[a.b),[“z-bz]e ' Blvegt... ich f (x, y, z) 18 maxim ini d are find
values of  x, ) tationg! out for which /5, — m]mim;\l
..—-"-'-__——_—_——_ __-_‘_‘_—__‘——n—_

To discuss the maximum or minimum atx=a,ys= b, we '3hou1d

[a‘f - [ of ] i [ aZfJ s et
ral—s j B e—— Sl e _ L
&fz prs axy - d a Long Answer Type and Medium Answer Type Questions
Then calculate rt - s°. _
L JIf ;r;—g? >0 and r is negative, f (x, y) is maximum - —-""Q“e-m. I Find the extreme values of : f (x, y) = x* +5 - 3azy,
il -,
i Ifrt_sfzuoandrispositive,f{x,y)jSmjnimumatx__a yeb In:“:'—.l Fe,y) = 1+ 37— 3ax
N ] “Ter=o, | Here X, y) = X" + )" = oaxy
il ;f_ri-sz<0,f{x,y) is neither maximum nor minjmumathql f.=3?-3ay,f =3 -3ax,r=f =6xs=f
=% b =-3a,t=f =6y =
v. If rt-5'= 0, the case is doubtful and further j - j' Now, f.=0andf =0
berequifedte dacide it €r Investigation wj|| | : x: —ay = g (39221)
) . and y -ax= .(3.22.2
mhmwem )s :ethod of Undetermined Multipliers : , :
13,2) be a function of three varj Fromeq. (3.22.1), y = —
aré connected by the relation, variables.,y and z and the variables e Y
flx,y,2)=0 Fromeq. (3.22.2),
Th&nt.henew e --.(1} x"
i ““”'Wndltlonforf{x,y,z}tobem i 6% miikimen | e —ax=0 or xlx*-a’)=0 or x=0,a
Whenx =0,y =0; whenx=a,y=a
9 =0 f{ =0 of | .. There are two stationary points (0, 0) and (a,a)
& gty =0 - Now, rt - s = 36xy — 9a’
Thus, & of At(0,0): rt-s*=-9"<0
s I dz = | There is no extreme value at (0, 0)
Total differentiatjop of % : .2 ‘ At(a,a): rt - s* = 36a* - 9a* = 27a*> 0
& (1)is ' flx, y) has extreme value at (@, a)
Now, r=6a
Ifa >0, r > 0 so that flx, y) has a minimum value at (a, a)
Minimum value = ¢* + a® - 3a* =-a*
Ifa<0,r<0so thatﬂr,y)hasamaximumvalue atta.a)
Maximum value = - a® - a® + 3¢* = @°




Mathematic®” ! 8.2 ¢
{.
mum ﬂl'ld minimnm . N‘\ .
Eﬁﬂﬂnﬂ the maxi e i distanc, i | s_yc{sm-” Differential Calculus-I
from the gpherex” +¥ 70 =5 thy
1,%-1 OR hok D= J@2-17+(4-2/+(-2+17 =6
s method of maxima and minima, ¢; gnd, for =2 -4,2)is
Using Lagrang? int (1, 2 -1) to sphere x” +y2 4 lnd the ' D= J
dmmcefmmthep" 2259, '8, e [c2-1P+(-4-27+(2+17 =54
Thus, ghortest distance = J6 and longest distance = /54
'é-u:rﬂl‘—l Find the volume of the largest rectangula
. i t can be inscribed i in8oi
Let the coordinates of the point on the sphere be (x, y, ») i p,,,neloplped th: c in the ellipsoid,
1,2,-1)i8 O8e g & ¥ 5
fmm( y 3% .—;-I— 7 +—3 .
2 2 a’ b
Let, fiz, 3,8 = Pr=-1P+ -2+ (241 An'wmj ( 2) be a vertex of parallelopiped, thenit li
¢(x,y,21=12+3’2+22*24 : Gonsldel' 4:2)'9 y2 5 opiped, en it lies on the ellipsoi
Let us forma Lagrange’s fuﬂl‘.‘,'tiﬂl'l, ?+E;+ -5 = 1
Alx,y,2)= flx,y,2) + Mlx, y,2) = (x =1+ (y-gp Dimensions are 9x, 2y and 2z, then the volume V'is given by
+Mx? 442 +{.‘f“L V= 2x 2y 22 = 8ayz
For maximum or minimum distances, dF =0 t2ty, (2
ie., -1 +2x=0 V’=64x2y322=64x2yzch1_1_2_%;
2 b
” v % [By converting the problem of three variables into two variables]
144 (5.5 29 2y
Similarly, 2(y-2) + 2Ay =0 = 64| ¥ Y T2 =) =fxy)
2 "
= — of af o 2 d'y? 2x*)
" I T . oac {2255
and, 20z+D+2hz=0 "
Y o 2x'y 4x° A
-1 — = 64c” 2_1."3'—_—.—__.__}_
2z — + 2 ]
" el oy \ a B )
2 f 92,1
ttmzzthe\'aluesnfx,y andzinz?+y? +2% = 24 e ig _ 64c? [23'"'— 12x1y _zﬁ]
[_1_‘ JaY [y o ¢ &
1 —| | =2 i : :
el i vy R 5541:6462[4@-%;?__?]
On solvi 1 oxdy at b )
vmg, A==— ..g 2 v
2’ 2 = i:f_:.ﬁq,(-f{g-._ d_:_,_l)li.-"_'_]
Thus, when o L & b
2 5
X=2y=42=-9 Now %— =0and -(;‘[ = 0 for maximum or minimum of V.
aIld, whﬂn A 3 * .[:}’ F )
' ; i 128 c* xy* [1—-2‘1— -'"—.:—} _0ond 1281 ¥y (1-5 A =0
Thus, the requireg oo - 217 = =4 2= | a® b \""at ¥
Thus, the ﬁﬂm points are (2, 4 _ 2_)2 ' 9y
ft:ll'point(:g‘qr _'2 ; and (-2,-4, 2). | § o i Y oo 194
¥ )is | a b



Differential Calculus-II

|
i
#ii_i,l_ =0ory= — | = A rectangle box open at the top is to have 32 cubic ft.
e ensions of the box requiring least material for its
B2 cind the 57 [AKTU 201415, Marks 10]
| Fromeq 3241 17770 onstructio™
)
J§ -”;andzmthedim;nsionsofthebox.
ba b Let% Volume,v=gz
y.'.‘ ——— xyz:
a3 3
JF J- y= E?_ ..(3.25.1)
oy x2
and, 2=c? Ll—a—z-F] =c? ( ___1__1J o surfaoema’3=2(x+y)z+xy
3 ‘é T 7 \ra_h.'le Ofy- we get
, b . . 3 putting the [ +5%Jz+§g e
Thu&x:-\/—g‘y:ﬁ mastatmnarypomt.mthispoim S=2(x = p ...(3.25,
64 32
r=ﬁ4c2{2b “1—:1.2-9:22--_2_9: S=2xz+x+z
" SRS ED oS _,_ 8
By ke
r= —b%" <0
a8 32
BOE
a b 3
s= 64422 @ b 8 4 ial
{ V33 &*3/3 /3 5?‘\/?3& l, TFhmae P 32
256 3 L (3.25.3)
Ty & =
a8 ; 16
Bt LB = — (3.25.4)
tobae2lo® _20d 124§ - B e E
3 a9 b33 , From eq. (3.25.3), eq. (3.25.4) and eq. (3.25.1),
512 x=4y=42=2
i 3’ 128 S _,, P8 8 ¢
o e ™
rt-g?= ?.1?_ uazbzq 256 E 29 . r,g—t2=2x8—{2}2=16—4=12
9 | —| a’b’* )
256\ _a_f = +2, 508 is minimum forx =4,y =4,2=2.
= (___J 026204(4 1 : Eh:
Alsor<g 9 =1>0 — ) — :
) Que 3.26. | Find the dimension of rectangular box of maximum
Vs maxiny um, henge cipacity-whoae surface area is given, when box is open at the top.
1S maxim a b ¢ 2
and, umwhen r=-— y= = AKTU 2013-14, Marks 05
"‘smmmvalum Ll 7 E,z B [A |
I OR
V=g @ |




’ﬂ method ﬁlld the d_[me

Using the L:lwn pnclt}' whose surface nslull

areg ; is of

Let z, 3, 2 be the length, breadth and height of the ;
ven by
S"rfmareasmgl nxy+2yz+22x \
V — |

ing to Lagrange’s method of undetermineq
Aocording 0 e V4A(®)

F=xyz + A (nxy + 2yz + 22x)
dF=0
oF
ax

“fy
multiplierl {&g

S E_F
y @

ie.,

yz+h(ny+2)=0
xz+h(nx+22)=0 "'[3'351_
xy+h(Zy+2)=0 ---K{aq
Multiply eq. (3.26.3) by x, eq. (3.26.4) by y and eq. (3.26 5) o, fﬂa
xyz + )\ (nxy + 22¢) = 0

xyz + )\ (nxy + 22y)= 0 ::-%:
yz+ ) (2yz+2x2)= 0 {&:

On adding above three equations, we get
Bxyz + 24 (nxy + 22x + 2yz) =
3V+208=0
-3V
h 5
Subsmutmglmeq (3.26.3), eq. (3.26.4) and eq. (3.26.5), we have

J'Z‘-——(ny+ 22) =

28
yz‘%{ﬂ_}%k) &

28

nx -
s 3 (3268

Slmﬂarly nxy + 2')'2 - g'?_
3 (3.26.10

22 + 2 = 2
...(3.26.11

9. (3.26.10) fro
sy ™ €q. (3.26.9), we get

fm th

c (gem-l) Differential Calculus-I1
gssubtrﬂ"‘ing eq. (3-9;63;1:);:01:1 eq. (3.26.10), we get
.(3.26.1),
Th“sfromeq S=nxx+4x£'té-
S = 3nx?
x*= %

boxisopenattop'ﬂ—l

When ) ¢J§
x=y =43

1[5
2% 2\3
. =2
box is closed, 7
b. ‘When 5
x=y=z: E

"TS'TI Atentofa gwenvnlumehasaaqum‘hase of side 2a, has
Q;m

gides, vertical of length b and is surmounted by a regular

jts four e of height k. Find the values of a and b in terms of & such

e canvas required for its construction is minimum.

. L,et V is the volume and S is the surface area of the tent.

V=4da*h+ —{4a )R
Volume of pyramid = 1/3 {Area of base x Height)]

S = 8ab+4ava® +h*

[-- Surface area of pyramid = 1/2 (Perimeter x Slant height)]
For minimum canvas requirement,

oa
4q* 8ah | _ b
gh+4va® +h* + ’+h*+l[8ab+_3- =0 (3271
8a +4ha*=0 {32712

ls s{"



f third is maximum.

[AKTU 2013-11.31&:-1:;@

i I and, F = xy%’

Let‘N‘hetbenumbet,N:uy-l-z
Consider Lagrange's function Flx, y,2) = xy°2° + A(x +¥ +z-N)
According to Lagrange’s method of undetermined multipliers,

y’z"i-l:[l ...(3.28.1)
2y +)=0 ..(3.28.2)
Syt +1=0 ...(3.28.3)

Multiplying by x, y and z in eq. (3.28.1), eq. (3.28.2) and eq. (3.28.3)
respectively and adding, we get

Bly'2) +Mx +y+2)=0 or 6F+IN=0 or A=— %
From eq. (3.28.1), eq. (3.28.2) and eq. (3.28.3)

6F
y2- T 0 ..(3.284)

3-30C (Sem-1) Differential Calculus-II
.-""-'-——_—-_-—_
6F
20y’ - 3 =0 .(3.285)
6F
2.9, =
Say’s’= 3 =0 .(3.286)
Multiplying by ¢’ in eq. (3.28.4), we get
xy’zs—ﬂ=0 or -EE{:O or z=N
N N "6
similarly, multiplying by 'y'in eq. (3.28.5), we get
6Fy 6F:
-2 2 = 20y - N
oy C0 o R ony=3
Similarly, multiplying by 2’ in eq. (3.28.6), we get
6F:z 6Fz N
23— — =0 or il _ v
3xy N N b 2 =

Hence, (% g %] is the stationary point.

Now to find whether ‘F’ is maximum or minimum.
Let ‘F’ be a function of x and y.

F=xy*(N-x-y)

F=xy'IN°~(x +yP-3N (x +y) (N - (x + y))]

F=xy’ IN°~(x*+y* + 3xy (x + y)) - 3N (x +y)+ 3N (x + y)

= [V'ay* - xy* — xy° - Bc'y® - 3yt — ANBety2
= 3N’xy® + 3Nx%?* + 3Nxy* + 6Nx%?] ..(3.28.T)

Differentiating eq. (3.28.7) w.r.t. ‘x’, we get

oF .
o Ny? - 4x'y” - y° - 92 — Guy* — 6N%xy? — 3N + ONxy?

) + 3Ny' + 12Nxy’
Again differentiating w.r.t. x’, we get *
o'F
- 12x%* - 18xy® — 6y* — BN*? + 18Nxy® + 12Ny®

o T [ () (B o)

NY: N)(N)? NY']
-t (3) 16w (X) (A" pon (¥
3) 168 (2 (2] s 1aw S]J
FF __ NN -
arz 9 1] - 9 " -;I'.?

Differentiating eq. (3.28.7) w.r.t. 'y, we get
oF
-Ey— = [2N°xy - 2a'y - By? - O9xly? = 12¢%° — BNy

- 9N?xy* + 6Nx'y + 12Nxy' + 18Nx%)



i & 1
Al |

. ting 88
D.E rentla 3_ . .
’ #F _ [oNx -2 =20 18y ~ 36x%y2 _ .
5)" _131v“;y+6Nx“+36nyz+3

.--E"'

T ()

—_—

mj.‘ff

(- (B
2
g_f_'.-_..é%N‘ or,t=—%N‘ [ ,h_g_ﬂ
FF _ gy - ey - By - 276" = 243y ~ 120y,
Now, axcy _ 9N%? + 18Nx’y + 12Ny* + 36Nzyg

et [or(8)43] (03]

o (2 53

or,

ay 36
Now checking the value of (rt - s?),
'] 42 8 8 8
rt—s’=(—£](—iN'J~r—£‘ _5N° N° 9N
9 JUn" ) "36) ~ 648 1296 2
" (rt-s%>0and r < 0 which is the case of maxima.
Hence the numbers would be maximum for the values of x, y and z
[&’ N E}
g6'3"8)

o o208 -

D

Jacobians, Approximation of Errors,

CONCEPT OUTLINE : PART-5
pian : If &), Uy ocvveeivccnnnne.tt, are functions of n ;
v::::bles Xy Xgpereeeseeen Xy then the determinant nindependent
o ou au,
ox, ox, ) Ox,
ou, 0
L Cu,
ox, oOx, ’ ox,
ou, ou, ou,
&1 &2 sesssas a:
s called t.heJaaco!Jian ofu,u,....... -u_withrespect tox,x . x
and is denoted either by n
osidtig)
_@_(_“_1152;_—‘-‘“— 2 32 L U7 TR— }

a(xl, xx..-.....x" .
Thus if « and v are functions of two independent variables x and y,

then

o(u,v)

ax,y) =d (u,v) |

Rle Rl2
2|z QR

Approximation of Errors : Let / (x, y) be a continuous function of x
and y. If &x and 8y be the increments in x and y respectively, then new
value of f (x, y) will be f (x + d&x, y + dy) i.e.,

8f = f(x+8x, y+8y)-f(xy)
Expanding using Taylor’s series

. Of o.6f :
5F= f(x,y)+dx—+y—+.— f LY
i Flayise x oy

"
C

Neglecting higher powers, 5f = m% +dy iy

&, 8 and &f are small changes in x, y and . S




qypoand Medium Answer Type Q’“"'tion,

Long

= e n
S thwith respect to &, v, then e iy
¥ a(wyp) 3(x,9)

JJ'=108 0 d(u,v)

tl.le.JJ—a.(IN"bi“ of %

), v=f )
u=f (;f also be expressed as functiong of (3 3.29,; 1

let,
Obiauly Y 320.1) parially with respect to u and y. - 224 1,

. aqu 3ua.\': Buay Bet
= e agn md yw (829
ww Ny g & Y (
N B W bR ~(3.293)
Now,
ou Oullox o
dup)olxy) _|& ¥|low av
iy oy | w|ly o
n |l @
o Ouly Oudx oudy
| you e oy aw
pE ay wa wy
wou dyou axdv oy v
10
= 0 1’:1
ﬂile.m.-

ux*yi-z.u,y-‘.z.uu'z‘uvw showthat a (x,y,Z)

2 (u,v,w) S

OR

If =
x"‘y“z u,’*z.uu,z-uuw’then‘ind a(x'y’z)

0 (u,v,w) *

[AKTU 2015-16, Marks 05 |

The given relation cgp be Writte
D ag

r -

9*340 (Sem-1) Diff,
//__—%_\

erential Caleyjyg gy
Fl=x4+yi4, uo\—

F =Sy+z-uv=y
F-z —uvw =0

2(xy,2) _ U,am F,F)

o(F,F 9\F,F,,F,
NUW, 5 (u’v:wJ u u w) B(I \ Y, Z) "-f3-3‘0.1}
-1
We have, 5\ w) “ 1
VW —uw -y
=—-u?%
111
and o(x,y,2) o e
: 001

. Promeq (3.30.1),
0(x,y2 _-Cuw) |
o (w,v,w) 1 Swv

Que 3.31. The roots of the equation in 3, (- x)?

0are u, v, w.
0 (u,v,w) (¥-2)(z-x) (x-y)
— = —2 y
Prove that 0 (x,y,2) - w)(w-y) (u-v)
OR

If u, v, w are the roots of the equation () - ) A=)+ (= 2)3

i 0 (u,v,w)

Answer | :

The given equation in A can be written as,

-3 (x+y+2)+3h (22 + y? 4 2%) - (o +¥ 42%)=0

Since u, v, w are the roots of this equation, therefore,

U+tv+w=x+y+z
uv + vw + wu = x3+y-+z-
uow = 1/3(x* + y* + 2°)

The above relation can be written as
Fzu+v+w-x-y-z=0
F,=uv+vw+wu-x*-y'~22=0
Fy=uvw-13(x*+y +2% =0

Now, Q) gy @ FF) [PEEE)
0(x,y,2) é(x,y,2) | éuuw
We have,

+ (;'-"3'33+(1-z)"‘=

m ‘ AKTU 2015-16, Marks 10 l

— e — R



I — A

ties -

Mﬂthema 1 -1 -1 1 . : s%-lj
6(1‘;.1;;'&}: 2x -2y —2:' 0 _: b o
2wy? |- V2 $ g ]

__9y-2 (-2 E-y)
1 1 1

0B ) _ [y+w utw U+v

Ao u) | g W W
, e (w-w) w-u)(u-0)
' 31.1),
Hencefromeq.(3 ‘z(y_z)(z—x)(x-y)

oy _ (1) “(o-w) w-u) (u-v)

¢ y,2)
3[.1':.?' (y—z) (z_x) (x_y)
= " —ww-u) w-v)

f(_'ﬂl‘-}ifxs Vow, y = Juw, z = Juv

Que 332, | Find 5 o)

du rsinﬂcmﬁ,vsrsmesm¢’w=rcos e
an =

ARTU 2014-15, Mariyys
Answer
1 1o
g 2Vv 2Vw
25,02 _ ,1,‘/@ o L1«
duv,w) |[2Vu 2Vw
EJ_; 1 ju 0
2Vu 2Vv
Multiplying and dividing R, by @, R, by Vuw and R, by Vou , We get
0 w v
AL a g
8 Vow Vuw vou
v u 0
T R
e = vu) + v(wu))
1
= oX—x2upw =~
Agiln 8 ww
’ u"r31"9m¢,v=rsin98in¢,w:rcosﬂ

Sem-1) Diff, ;
5.36C ( erential Caleyjys. 1
sin 0 cos b r cos 0 cog .

I : : ¢ -rsingg;
o = | 8in® i "
27,0, §) o TeosOsing i
cosh -rsing@ 0
sin&ﬂm# cos 0 i
- c% -
=rzsm9‘sin98in¢ Cﬂsﬂsin: c::n;
" - cos @ -8in @ 0
= smB[mnBcos¢(O+sinecos¢)_

_ °°33m8¢(0—mﬁcos¢}

~5IN ¢ (~5in? 0 gin ¢ — cg2 g o
B ) ) 0 sin ¢)
= rzsme[Bln290082¢+00829c032¢+ainzesin:i

+ cos? § sin?
="23iﬂ9[c°32¢+sin2¢] cos® § sin? ¢

a(u,v’w) - rgsine
ar,8,¢)

o, 5,2) _ 6(x,y,z)xﬁ(u,v,w) 1’_2 .
or,0,0)  Ow,v,w) " Ar,6,4) 4" S0

mshowthatu=y+z,v=x+2zz,w=x-—4g:z-—2:y’arenot
independent. Find the relation between them.

Uu=y+z
U=2x+ 222
W= x-4y: —2y2
Cu Cu Gu
ox & & . :
duvw | @ a io ! %
ox,3,2) | éx &y & =4 9 o
w éw ow |l —4z-4y -dy|
& &y &

= = 1[-dy~42] + 11~ 42— 4y] =0
Hence u, v, w are not independent.
W=x-2%-dyz=0-22-2%4yz [ x+22=y]
=v-2(z+y)?
w=v-2u?
or 2u?=v-w

Que 3.34, , Show that the functions :

Usx+y+z,

v=x% 4324 22 2xy - 2yz - 2z, and



=i 33

3 7
y (6,
— ; J 0
Ma e P 31:ly:wd Find the relation betweep, th 438 C (Sem- Differentia] Calculys.y
re ’ /—\-\

£+7 Cm,
15 ou v aw
' a652 _ oy & o 0 20 2
. ; o | a =*|% 0 2%
. 43, o o, v,w)  |u v ow
uU"'“a} for th u w ow
= relﬂti onbetween u, v, w for e\?ﬂ.lues . - =---20{- 4uw)+2w(4uu)= 18 ites
x+2‘y+z,u=x—2ﬂ?+3ﬂ Nowconveﬂmgfﬂsv,:ﬂ)mtermsof(x,y,z),w‘ahave
::m_ﬂq,m—zz’- ugsy.-ws-fy—(x"u)=J’_(x—2+u2}=y_x+z_-ug
. Z. x y
AKTUZOIG‘I'? 2 (P‘Z‘_E*__zé]’b#:(_,.i,_,__] d 2:[5‘:_ Yy 2z
: Marksy o =\g" 2 2 2 ) Maw 2*5‘5)
v 12 1 1
i Now, x 'y We i
e | e it ®_ 1o 1w
wU:;x;—szyz*W ox Wy W 4
1 2 1 | o lw 1aw 1
| ’ Sy -
" dwpw) _ | g -2 3 ! axau 4; @au 4w’ oz 4w
8y S7z ) it it St
Well¥e 2032 |gy_; 2x+4z —x+4y-42 | x o e s ’
I - 1/4u 1/4u
-21- -8z - 2(2y - 2)) ' du,v,w) | v v v
oy Oy-32) 32 +42)] =21 x+2y wv,w) v v v .
=1[-2-x+2 1 L B Now, 5, 2) x oy oz 1/4v -1/4v 1/
Y =2) = & Bg D Vdw 14w -1/4w
. P functions are not indepeng = e e
Jacobian is zero, therefore these penden;
;;S;I:]c]ie;ciothere exist a relation between them. ox oy o

2 " 2 4 1
64uvw 6duvw 64uvw 16 wow

We have, w-pr= (x+2y+2° —(x-2y+32)

Ll L )
o, 3, 2) Au, v, W = 16 uvw x

= (x+2 -29+82) (x+2y+2z-x+2y-3
(x+2y+z+x—2y Y Y= dz) o(u, v, w) dx, y, 2) 16 uvw

=1
= [21-!-42}{4}’—22]

=4(x+22)(2y-2)=4(2xy —xz +4 yz - 227) X%,

yuy =535 andu, = D72 find the value of

Therefore u®-v? = 4w is the required relation between u, v and w. * *q *3
Que 3.36. | Ifx=0"+wy=uw!+u’z=u’+ v then show that Oty Uy U) [AKTU 2017-18, Marks 3.5|

a(xp x’ ’xs)

d(x, y,2) du,v,w) _
ﬂusv.w)'ﬁx,y,z) S

=

Gweu:r=t,'-+w2,y=w"+:¢2,z=e:a'-“l-u2

R o l

[AETU 2016-17, Marks 3.5|

=l



_.-t‘l't! then ar="x';’é}:—x3'al’-, %
“x o, om 0| TN %
A
j X -
) o [ 5 e 1 SR 4
oy %) au; duy O [ B K -xfx
oals oo

—Xy Xy X, %, x,x,
1
] e B M
x.
4% XX, XX ~h%

2.2 2 1 1 2
- J::xzxil2 1 -1 1

=_1(1_1)_1{—1—1}+1(1+1)=0+2+2=4

o338, Find the percentage of error in calculating the areq o

2 . . .
an ellipse =5 + % =1, when error of + 1 %18 made in measuring the
a

major and minor axes.

Anever |

Area of the ellipse, A = nab

Taking log on both sides,
logA=logn+loga+logh

Differentiating both side,
] =0+ §E+§g
A a b
%"10% % x100+§;5- x 100
But, %xmoﬂ,@xmﬂ
. Percentage error in area it;

&-4:;)(10[],:1.',1:2%

Que 3.99,
8.89, | If the base radius and height of a cone are measured as

4cmand§
calculate t::: ;i::p"“ible error of 0.04 and 0.08 inches respectively,
ntage (%) error in calculating volume of the cone.

” (Sam'l ) Differentia] Calculus-Jj
Ans? 'n‘ r=4cm,h=8cm
Given - &r = 0.04 inch = 01016 cm
5h = 0.08 inch = 0.2032 cm
1
Jolume cone of IdV " fg vk -(3.39.1)
. Jog on both sides of eq. (3.39.1),
Taking i
log V = log 3 +2logr+logh
Differentiating both sides,
§y_x100=0+ &x 100 + B—h—!(lm
v r h
3 100 2(_—0'1216 100 +———°'2:32 x100=7.62%

o @-3'40- The two sides of a triangle are measured as 50 cm and
- d the angle between them is 30°. If there are possible errors

: g !
7? :l;:% in the measurement of the sides and 0.5 degree in that of the
o find the maximum approximate percentage error in

le, ;
:::,;‘.suring the area of the triangle.
Answer
Given : b=50cm,c=70cm
8b
A= 30° ) x 100=0.5
5 4 100=0.5,84=05
c
A
¢ b
B . c
Fig. 3.40.1.
Area of triangle ABC is,
A= -21- be sin A
Taking log on both sides,

1 :
logA=log 5 + log b + log ¢ + log sin A

Differentiating both sides,



Tl

A 0 (0.5) x 100 = 1 + 50
_5+c0t30 {0' \.@)-.:8
5 x100=0'5+0 7'30%

1 i the percentage 67O i measuring the
E;m when the error of 1 % is made in meag,, . ‘nti

rectangular hax AKTU 201 6-17, Mt"“ thy
cachside: kel |
Volume (V) = [b

1 ides,
Tak;mglﬂgon bolt:;;h: Iogi' + log b + log h

Now, differentiating the above,

E‘_’ = §£‘+§Q+§h‘
v | b h
. Ex100+§b£x100+%x100

Error in volume, %xlﬂﬂ =1+1+1=3%

o 3.42. | Aballoon in the form of right circular cylinder of radjy,

15 m and length 4 m is surmounted by hemispherical ends. If 5,
radius is increased by 0.01 m, find the percentage change in the

[AETU 2017.18, Mu@

volume of the balloon.

‘Radius () =15 m, Length (k) = 4 m, &r = 0.01 m, 5k = 0
Volume, V=rr?h+ 2 34 2 pd o p2h 4 2 8
On differentiating, . -

OV = 2nrhdr + nr2 8h + % nx3r2ér

8V _ 2mrhdr + xr® h + 42 §r
\'

m2h+§m-s
= T@RSr+ rSh +4r8r) gy + roh + 4rbr

4

BB@-I) : .
SA’G( Dlﬂ'ErenhalCﬁlculu!-n
_ 2x4x 0.01+1.5x0+4x1.5x0.01

l.5x4+%x(1_5)2 ('_- 5&:0}

_ 0.08+0.06
6+3

0.
%_Exlﬂo = ;4XI00 =1559%

1.5m
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Concept Outline : Part-1
ﬁ‘ L::gfndﬂedfumAnswer Type QUEStIONS .ccccvvvvene........... :-2(3 |
g

=il pavaed (4_1
Part-2 3C to 4910 |

¢ Areasan
» Center of Mass and Center of Gravity (Constant and Variable
nsities)
' =
A. Concept Outline 2 PAIE-2 cvverssssensessssnssssansssassasases I
B. Long and Medium Answer Type QUESLIONS ..ccvuvvveesivusrinnnns 4_1§g

4-1C (Sem-1)

o
able ca'lc“lm-l

' T{':ple Integral, Change of 0 .
rder o nte 4

uble Integra
Change Of Vambkg

CONGCEPT OUTLINE : papT
' -1
l

Double ll:l;:Sdl B'lf . gver Rectangles :

(%) efined on a rectangular regi _

Letf 2 Sl:as;;s b,c;glznfglvenby |
. ide R into sm pieces of

1f we diviCE " : area AA =Ax

point (x,, ¥ 1D each piece AA,, then Ay then choosing a

_”R f(x,y)dA= ‘Ligloiz.l f(xk,y*)d&, |
» rties of Double Integrals :
J-Lr Kf(x’y)dA =KHRf(I’y)dA (any number K)

HR (f (x, )& xy)dA =I_[Rf(x,yidAijj g (x,y)dA

i
" HR flx,y)dA20 if f(x,y)200nR.
iv. I.[R f(x,y)dAZHRg (x,y)dA if f(x,9)2g(x,y) onR.
4 HE f(x,y)d_A=J'Ile(x’y)dA+H& f (x,y)dA
union of two non-overlapping rectangles \1

It holds when R is the

R, and R,
Integrals in Polar Coordinates :
The integral is given as

=P

[[ fr,00dA= | hTm f (r,0)drdo
R

B=a r=g10)
: If the function f (x, y, 2) is continuous at every

Triple Integral
point of a region R then triple integral is defined as :
x=b yslf{xl z=fyliz,y)

flf, £ yardo or |
x=a y=h (2 z=hiny

Where the constant limit is taken as outer integral and then the limit
er most limit 18 of two variable.

of one variable and inn

Change of Order of Integration : With respect to x and y we

evaluate a double integral by two ways :

i First we integrate with respect to x then with respect to y

i  First we integrate with respect toy then with respect 1o x

In the first case we take horizontal strips or strips paralle! tox axis
take vertical strips or strips parallel ©0

while in the second case we
E——

f (x,y,2)dz dy dx

e —




|
. _i 1‘3 l
Mathematld”” ¢ Multivar
. : -1) ultivarighle ¢
= the order of mtt;gl'z:tmn, first we fin dow . s‘kh M
. em. . =
P D e
Change of Variables i & o o
Let the double integral b [[, f(5.7)dxdy and the bl \‘ A ¢
bytherelationx =4 (4,0, y =y (y, o o | |2°¢ -reing o
| ?’b".@bﬁﬁ:uduwhere end*dy T= 1o % 2| |4 remy o
s given & x &l |0 0 g
Te a(x,y)= ou v Pl i
. " A(u) % % =r(cos’ ¢ +sin?¢)=r
' ou . 3
- the Jacobian of transformation from (x, y) to (u, v), _ HL f(x,y,z)dxdydz=lﬂv.f (rmé.ramt,z)rdrﬁd,
ml‘:heToml nge cartesian coordinates (x, y) to polar €00rdin, 3 S e ——
//’—_ An'w
gl;:;;sinschosﬁ,ywinB'suchthatx’+y’=r’. sk i ﬁ
& o . Answer Type and Medium Answer Questions
5" 5_“9 'rsmazr(m329+3in29)=r | Iﬂn‘ i s Type
J= & d| jsin® rcos® . =Ty
)

i 41
o |l feydzdy= [ f(rcos6,rsine) rdrd | Prove tha INA )

2. To change cartesian coordinates (z, y, z) to spherica] polar
coordinates (r, 8, ¢).
Choosing  x=rsinfcos ¢ e
y=rsinfsin ¢ J"j‘(xyn’)dydﬁ L [L (xy+e’}dy:|d.t
Z=rcos @ 143
Such that x? 4 y2 4 22 = 2

l:la!z Y 2 4 9 !\
:I — e 2 d-;:f[ax+e--x—e ]d-l’
& & 'L 2 l .
b (PPN
4 e[
Tl * To2Aet - e)-To(et-e)= Dot -
= T+2e" -€)——~
o 0 4 Taking RHS : 2 ¢
in oz , y
4 za::: :m{;m¢ =T 8in O8in ¢ I:I"(xy+er)dxdy= L‘[f:(xy+e')dx]dy=f,[ 2 e | dy
- cos'smt r8inb cos ¢ =rgin? g v o 3y "lcb
~rgin § 0 _ Iil2y+2?‘_:§_eﬁ]dy=LL—2— +¢ |
Il fesadiay g !

27 1 1 LA
4 4

LHS = RHS




45

. C(s
oty |
ydr dy, where R is the regiop bﬂun .

m Eﬂl“ﬂe}{l . deg by

;we

Fig. 42.1.

{%:4:{01‘ y*=4’=-y=4a.ndx=4

So, point of intersection of two curves is (4,4).

2
Taking horizontal strips, the limit of integration of x is y? t0 2|y ang

the limit of y is 0 to 4.
Therefore the integral is :

2
[[ydedy= ]y fdxdy
P4

0

IJ![:]"G dy = jy[zf de:l’(zyw,l}] i

2ym y4
572 16,

(BT & 2@

5/2 16 5 -4
= -4-13‘_2_42__48
50

m E\*a]u.te YT
s

=y

35-21+10 g4
210 210 35

Que 44. | Evaluate J.HR(I + ¥+ z) dx dy dz where

| AKTU 2015-16, Marks 05 |

R:05x% 1;1<ys2;2<2<3.

| AKTU 2017-18, Marks 3.3|

Fnower |
5 2-.3
(x+y+2) |

idxidyi(x +y+z)dz=jde2'dy[____l
o 1 2 s 1 2 B

jd.rf (2% + 2y + 5) dy
(1] 1

MIH
2 | -

1
I ]rdy[(x+y+3)2-(x+y+2]9]=
0 1

1 2 1 .
fax [{2“23’*5’] =%J‘ dz[(@x+4+5) -@x+2+5F]
! ]

m|._.

1

1

-\--1=

[ =R =]

b e d.

B | -

1 1 2
I4x+16)2dx=f{x+4}dz=[%+4x
] ° 2

ml.—a

o
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1 Change the order of integration and henece evaluate

dydx- AKTU 2014-15, Marks 19
AKTU 2015-16, Marks
zz m OR ., w
dxdy| —
i y[zl f integration in I jT dvic
or1 =
-2 Cchange the order . Xy aydx and hence
ol |
! (y-=x J’—ya)dy Jaluate the same- lAKTU?OB—Id,MuhEl
[
e [ARTU 201617, Marks 03]
1 m[__x_’y_’_r,l o .
"2 2 2 4 | |
’ 1 p2-=
ot f integration in I = f(x, y) dy dx.
=i xdx[l—;’,xl(l—xi]_u_.zﬂJ Chnngetheordero L jx,

[AKTU 2017-18, Marks 3.5|

xde(2-20-20% + 2 = 1 —x* + 2¢%)

- - T

O ey S — O — e Oy

Rawer il sepu v g
: ; ; ¢
SRV (PPN ol 4 8 YV T s ek
= - - e I S [ e Ly o
8 8\2 2 6 8\2 2 6/ 48
’ Y
2
ol xedfz ymfdz-! y=x \Y B(0,2) x=J; B(0,2)
Evaluate dzdx dy. ‘
I ,‘L ’L Y z=0 Aﬂtc;recm;rmg _R_l_ AL D)

R
40,1 the figure 2

becomes = X

bl _ : :
The integral is ; T "i& ) ].H' dy dx dz 0 \ \

=%y
=) gup yud I=&=]

t=dzadfy y= 9-x

= it sedaetl Fig. 4.1.1.
N
T[l - ’ Initially limits are :
ol B 42-x'+.1.4z'~1[x] e 24 x=0tol
0l 2 sin = 4
° 2 V)|, e = | desiat e y=2to2-%
i 2 After changing the order, we get
n{zdz: n[f_I i y=0tol

= fv to2-y
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Mathemat® f (

Now
0to

for x are
to gand P t0 2. Therefore

are two I . - of
w there J" while in R, the limits of 4 areqy, ; ¥ N

fxydxdﬁ f [xyd'xdy

Tox=0 ¥y=1z=0

2 Y I z 2-y
dy + J’[ L dy
[l
j'y"d —jy(z ¥ dy
0
3 42
l [ J’ +-'Z—:] = -3.
4 , 8
___—ﬂ Evaluate by changing the order of integratiop
Que
He"dx
oty
Answer |

[Todvis= I

0+

—

Mh—s =

N)]t—l

v " /
B B

2,1 2,1

» X X

7 2
x=2 xX=

x=2 y:%
Fig. 4.8.1.

Initially limits arex=2yto2and y =0 to 1.
After changing the order, limits become

y=0to % andx=0to 2.

12
Therefore the integral is ”8': dxdy =
[}

gions R,and R, Inregion R the lingy, h"l,

I= Hye"’"dxdy
00

ing its order of integration,
chang!

B}' r ije—fh dyd‘[
0 =
1.2- =t
x

Let:

17 .
= _2_.[ dr=—[-xe I
1 1
== [0-0+e==
2[ +e 5
Yﬂi H
F
\ /
f.’./i/_I
— X
Fig. 4.9.1.

Que 4.10. l Changing the order of integration in the double integral

= . (x, y)dxdy what is
I= I:I:“f[x, y) dydx leads to the value I !If x, yldxc

|AK'1‘U 2016-17, Marks 3__5‘

the value of ¢ ?

Answer

Given : I I[tr y) dydx



M

B
o

< i

skl ‘
Jdo dr = rdrd®
¥ 2-r2cos?@+risin?0=p2
we find the upper limit

2 4+
Also ¥
gy the limit ot

=2
2 ®,2) = Jaiey

a+y2=ax

2

=
to a and x varie
Here y vanes from 0 s from 0to a0 point on the eiree

2+y =
v Hence in

polar form the circleisr*=a%orr =g, Here r varieg from 0 to

a and g varies from 0 to 2 .

—
Jai-y?

= j: I {x2+y2}d:|:dy

24
Hence integration becomes, I = J f(x, y) dxdy {410y,
00 "

The above equation is equivalent to this equation,

n/l a

I= ”f(x.y)dxdy (4109 = .jo .{u rrdrdo

B rp =1 r=

On comparing eq. (4.10.1) and eq. (4.10.2), we getq =4y . ujg [1 rj‘]“ oy -

= — =—qa -
s Breluste [ [ 45" dx dy by changing into polar .
’ coordinates, = Ea

Que 4.12. | Prove that ||| d""d’-’f‘— =" the integral being
Ja-22-y*-2%) 8

Puttingx= rcos 6,y = i 8, we get
extended to all positive values of the variables for which the

expression is real. LAKTU 2013-14, 2015-16; Marks 10 |

J=
8in li‘+-r cos =

|l ¥

" wlﬂ—raine‘
¥

¥l |g




-~ 8 Eﬂ'ﬁ’,/"’ = .
i ‘\ ])
3 T | dxdydz |
; pel I= Ijjﬁ-xg_y2_22 .I
= O B
:' P ‘[—’g’f},’ s real only when x* + y“ + 2° < 1, Hencg the
: g TJ;xtended for all positive :a;ues of the variapjq, e, o™
integra“sosuchthatoﬂxz*'y i .db "’“{]‘
.l 2 s gion of integration 1% byt b
~ Here the ré ,= -2 - (5-9-.x2+y2+ :
2= 0, 2 . : % 1]
=]
;d y=3- = here x2 +y% +2%=1lin the i
= &= f the sphere - Sitiy
; . 1 i the volume @ . - _ Veogq,
which is erical polar co-ordinates by putztmg X = rgip 8 eoant'

y =rsin 0 sin 2 4 y2 + z2 = 1 in the positive octap,
For the volume of sphere x”+Y br Varjg,

T . T
. Z and ¢ varies from 0 to —
ﬁ'omOtOLB"aneSfmmOto 2 ¢ 2

. in 0 dr d0 d$, we have
lacing dz dy dx by r? sin
fop ! 7 sin 0 dr d0 dé

B Ry
) I*"J'"”L‘.l_‘ii‘—f—) sin 6 dr d0 d¢
o Jo J1-r
- L"’L""’J’:[ﬁ%;—,h—r?] sin 0 dr d0 d¢

1
]
0 0 2 2

- K?Lmsin e[ﬁ . 1.EJ d0 dé

g Chaﬂgm'gw3§g=r605950thatx2+y2+zz=r. 8§,
Y
|

0

2 22
_ 'HE_ w2 _ m’?.E
L 1 cos 0] d¢-L 4d¢

zx w
4°'2° 8

PART-2

Areas and Volumes, Center of Mass and Center of Gravity
(Constant and Variable Densities)

——  evarigy, Caley)
= Valeuly, |

PR L
ONCEPT OUTL, . —
c NE — pART-z ———

Jun . :
.\ro [n cartesian coordinates, V = ”R 2 dx dy
1 a 2
’ In cylindl'.l"-al coordinates, V = HP 2r dr dg
il gaise py Triple Integration :
Vo L dx dy dz (Cartes:
V= I,H artesian coordinateg)
= ([[ rdrdédz (Cylinar; .
v I];I ylindrical coordinges) |
T r? sin 0 dr d® d¢ (Spheri. al ) |
I'»U el Coordinates)
« by Double Integration
A_}-e 12 C artesian Coordinates : The area 4 of the region | !
i by the curvesy =f,(x)and y= f,(x) and the linesx = ¢ r=be_d
given by * ”
b filx)
A= j dy dx
a filx)

and ifthe region s bounded by x=,(1),x=1, ) and thetines
y=c and y = d, then
d foly)
A= [ | dxdy
c [y “ g
In Polar Coordinates : Area of region bounded by the curves
r=f1 (9) andr=f2 (8) andB:a,(-}:Bis
B fal®
A= [ rdrde
a fi(e)
Mass Contained in a Plane Region :
Let fix, y) > 0 be the surface density (mass/unit area) of a given plane
region D. Then the amount (quantity) of mass M contained in the
plane region D is given by
M= H flx, ) dx dy
D
Center of Gravity (Centroid) of a Plane Iflegmn D: R
The coordinates (x,, y,) of the center of gravity (cent Tiod ' lff {a plun
region D with surface density flx, y) and containing mass & &

H xf (x, y) dx dy H yf(x, y) dx dy

- S
X, = D and y = M

i.




¢ common to the cylinders .
Find the volum - )

= I_:J'—‘fig;z\jaﬂ -2 dydx= 4"‘:(“1 ""‘z)dx

30
- .2 _ L2 =8 2 _E__ :L]ngi
= 8 (a" -2 [ax 3]0 -

Que 414, l Find the volume of the region bounded by the SUrface,
ya.r'andny’and the planesz=0,z = 3.

S
n

<
B |
e e S ——e O t—

= 3(~E—x2}dx =
Y
yi=x
x==y
dy dx

Fi!‘ ‘Ul‘oln

2 x
dx[12y+l’2_ _xzyI

g 1
= ,:33312*‘%'%-‘?7!2*41’—-1—;-5511 _ 569

cal ¢g)

Umnp
%" a8 hgge n.mﬂ"lon

AR e Cut ofy
M I:y

( ‘
Lm‘/’_”%ﬂm_m‘z“‘%u‘}d:

5L 140

]

ol



Y f.t:‘:

Wiy o
ih”.

the mgion occupied hy the cul.ve'

m Find the ares o
gexandy’=4=%
-z

Given curves ¢
Reaquired area s

y2=11y2=4—x

heghﬂded porﬁon'
a= | dsdy

&
‘r dudy = | (4-y*-y*dy
) ki

5

A=

4-2%%dy

: * 22
2]._)_;..[' 54[2\/—""3_]

=2

O é:i‘lh_‘&‘

=4
A= Ls.sf"i square unit
y
A(2,V2)
0, 0) B_,
0 (4,0)
C
(2,-V2)

Fig. 4.17.1.

bypl’ne'
AKTUMIM'!,MM
al can be evaluated as follows :
gl
=I I f x'yz dxdy dz
o 0 0

] [, =]
- Rl
b[l aJ T3]

=T J-x”ydxdyif zdz

,(1-52-%]’}
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Mnthemams <t ‘ 3 {sem‘l
Y P T
_. "u,L @ e a *;;?]dx

L

2[176- 175} ’b“ 1

= @by
5 o4 2
10. 4 105 "2““52‘6-

- te which i
".cif- Find the mass of s s formed p, the

=1, the density jg Bivey

QIN

J’
mo\l‘dlﬂ‘te phneg Iﬂd the Plﬂ.ﬂ 5 b
byp= kxyz.

[Ans. Mass = ka'b'¢

Same as Q. 4.18, Page 4-18C, Unit-4. -

ﬁé : | Find the mass and coordinates of the center of gravity

relative to r-axis, y-axis and origin of a rectangle 0 Sx<4,0<y<3
having mass density xy (see Fig. 4.20.1)

Yi
(0, 2) (4,2)
7/
» X

20,0 {4 0)

Here density flz, y) = xy
Mass, M= [[fx y) dxay
R

M= [ ) dy e - ;[%’I &

= [l2vdr=14

Letxc’ 2
x, = .—” x flx, y)d.tdy..-—-f J *(xy) dy ds
2
X, = Tléjo‘xz[ggldt=8% :xldt:ﬁ
and, Y= —”R.)’f(x-)')dtdy- SI f y(-ty)dya'.r

Lp (4.1 4
6 "x[3ldx—§jo o ==

] pind the mass, centroid of the tetrahedron bounded by

L3 L
oordinates planes and the plane ¢ +5 %, =1

i the constant density of the substance (mass/unit volume).

= Let p be

Mass of is the tetrahedron, M = I y pdx dy dz

J“ J:{.l j_’ E *'szdyd'x

- o[ e1-2 -3 o

2 ‘EJ
=mf:[(1‘§]y‘yﬁf &
I

Z
Y



i

Let (x, Yo
Then,

athematics - I

M
be the coordinat e
z) e coordinates of the centroid. (8%
\l}

= [ Py

o[ 13- v

4
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oo P edium Answer o — 5-2C
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Pﬂrt’ raosarsenseeet ettt
o Liné I”wgraz
, Surface Integml
, Volume Integral
o Gauss’s Divergence Theorem
, Green’s Theorem
, Stoke’s Theorem (without proof) and their Applicati
ons i
A, Concept Outline : Part-2 ooceeeuvuvwvmsseene :
nd Medium Answer Type Questlons ......... 55:;913
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53¢ Gen? °°‘°rc%
[PART-1 | 3

Divergence and their Physica] I, te

ent, Curland D02 . Tangent and Ni "Pre,,.
cf‘md»;;J tional Derivatives, 1G18 ormal Pla,, o,

LCEPT DUTLINE : PART.]

co I
. .+ directed line se
tor in the plane15a dire .y
Vectors: AVeC if they have the same length Ovegy
are equal or the same ! i dlrectio?
A vector i denoted bya or @ -

Sealar Multiples : If C is a non zero real nyj,
u:‘,dile direction of Cv agrees withthat of vif C ig po:ijer anq,

is avector, L0 o 5
. ito to that of v if C is negative. umbers are cq]) oy
:l?z‘:;tiples like Cv scalar multiples of v. ed g¢ alay,

Components : If v =ai +bJ ,the vectors @i and bf i
e
A A
vector components of v in the direction of { and J . The i
[

and b are the scalar components of v in the direction of i and j‘
Equal Vectors : Two vectors are equal if

ai +bJ =a'i +b'J @a=a'andb=p'

Magnitude of a Vector : The magnitude orlengthofv=af +bf is

Iv|= Ja?+b?

Operation on Vectors :
A 4 A 4
Ifv,=a,i +b, J and v,=a,i +b, J then

v +v,=(a,+a,) H +(bl+b=}.;,a.nd

Vi-v,=(a,~a,) i +{bl-.b=)}

Unit Vector ; i s
vectors  and "*'f:lyun\i'm v::ose length is 1 is a unit vector. The

: -
|"I=111 +0J |= 12+02=1

!"m&pﬂtiﬂ'l HC(E&Q.[
)
‘of,voctorFunctionzlf ff,:) beay,

- agive . ek )
et pigble ¢ and At be a smallincremeny i+ (ckion o

50 &
the df(t)=£1_-gﬂgﬂ=limf-@_téﬂz_{_(£
dt A0 A exists

-+ . regpect tot.
o f® with Diflerenﬂ‘ﬁ'm :Ifa, b and ¢ are differentiap,

Waﬂﬂ ofa,wﬂtm¢hadﬁemtmemu .undm
funt de db . )
1 4 (a.bx0)= a'bx':-i_tm'a"“j&-.bxc
- de
_‘.i-[axbxc]= ax[bxd_]+ax[ﬁ’(c]+$xb |
and Vectors Field : .
Scal® antity whose value at a point in a space 4
A V?I-lar? ?f(iﬂe point is called a point function. epends upon the |
-y two types of point function : :

are 7 . R
T!wre Jar Point Function: Ifthe position of the point is givenby .
5 scalar quantity eg., ¢ (x,y, 2) then ¢ is called scalar point
ﬁmction- < o |
i Vector Point Function : Ifthe position of the point is given by l
avector eg., v (x,¥,2) then v is called vector point function,

Gradient of a Scalar Field : If ¢ be a scalar field then gradient is

given as :
GO 00 ;00
=i— —+k—
grad¢=1 & *d &y &
or grad ¢ = V¢
Properties of Gradient :

i If b is a constant, then V ¢=0.

i. If¢, and ¢, are two scalar point functions, then
Vi, £¢,) =V, £V,

il.  V(C,9, +C,d,) =C, Vo, +C,Vo,
where, C, and C, are constants.

v, - V(d)ld)z) = ¢1V¢2 + ¢2V¢;1

fﬁ} AL AL

7 \% =
v 5

f A A

Divergence of a Vector Point Funetion : If v be a vector poist
function, then )
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+ : s 20 A
divV =V.v=|l—+]—+k

[6
16;:'56‘-;"

ov
=i, —+] . —+k.—
! 2 J

oy 0z

Curlof8 Vector Point Function : The curl ofa vecto, Point
t

-+ Ion
y isgivenas:

& "_:‘5 10 »9 R

- —-

v 2 OV 2

- ay
— 4+ jx—+kx
3 J

—

=£.>¢

k then -

-+ - -
orif v=vi+VoJ*Vs

Questions-Answers

Long Answer Type and Medium Answer Type Qllestions
Y

RRL 1 1=l e ind v £ s cun 1
(ll _1; l]-

= ¥ % a g (} a g - A
= [‘—J'J %‘+k§J-(x’zz~2szzj+ﬂEzk}

g 2.
}.; (122)—5; (2yd22) +£ (xyzz}

. = 22 - Gy%2? 4 xy?
dn-r,f'attl,—l.l)*--2--6:‘0;-—-~-3IJr

ij ok
& curlf:ﬁ.i_a_
x 3y o
h f f

d)
&)y )

|

. S'I
M
curl f= 9 0 ]
= b
s 22 xy’
= f{ﬁ-(.tyzz}_ 0
oy 5;“23""2’)}

-] 0 d )
—J{—(xy’z}—-_( 2 } K "
ox o X2tk a_(_haz;)hc%&zz]

(Mz+4ysz}‘j{)'az~x?)+l;(0-ﬂl
] [21}'2+4y33)_.j(y22_xz)
L (-2-4)-j(1-1)=—¢;

3 Py wey

~

LD e

mlfu=x+y+z,v=x’+y’+z’,w=yz+u+q_
Que d h“"‘e‘ that
e grad w are coplanar,

AKTU 201415, Marks 19

dww i 2 f L
grad u (lé‘x+Jéy+kfzJ(‘x+y+Z}
=i+j+k
9 tad ra)
adu=[;—+ ALy S [ T, (O
gT o J&y"" &J(x+y+2}

=2xi +2yj +2z£

N

adw—[si+?—a—+£—iJ (xy + vz + 21)
BT 2 Jay & Y+ ¥z +2x

=(y +z‘iE +lz+x) J +lx+y) k
For vectors to be coplanar, their scalar triple product is zero.
grad u. (grad v x grad w)

’ 1 1 1 ‘

= 2 2y 2z |

z+y z+x _v+_rJ

H L1
=92 =x y 2 ||

zZ+y ztx y+zi|




Ve
l‘.'tﬁl' Q&]cul
ly

5.6 (8emV)
: = 9 x+y+t2z xty+z X+y4z R
1 1 1 1
=ox+y+2)| 1 1
(2+y) (2+x) ¥+x)
gradl‘{gmd"xsradw)#o L RlaR
.(canV)-V (Vxv)=0 2
T e s
th.t,foraveryﬁﬁldV'd“"’“ﬂ VvV =0.
AKTU 2015-16, M"‘ka i
i
Let ;,;= vlf+v2}'+v k
A A
- g @8 @
then curlv= Vxv=— — —
o oy oz
Vo V3
ifn-dul ;oo ;;{ }
"Ny &
div. (curlv)_V{Vx v)-g{ }

{ﬁv 6v3} a{av, avl}
- Bl Sl R
yla & &l u
(@v, 6?\',\+(62 d'v,) [év, 6\'1\_0

oy w2 5a ) aa 2y

e b I Prove that div (grad r")=V*(r")=n (n+1)r"* where

r=xi+yj+zk.Hence show that V* [lJ = 0. Hence or otherwise
r

-

evaluate V x _’? .

- I

rExi+yj+zk
!‘2=x2+y2+32

iog-1
tics
emd
e adr":i—l"“+j.__rn »&a s 1)
gr ox ay + 'é;:-" —~
S I T L ] S T
( J+J(nr 1_éy_J+k[nr,la,.
ri=xt+y +2 &) -4y
or or x
Z=2x=—==
50, 2r&.|: r
o .y & 3
simﬂarly’ & “r'e r
S0, €4 (5.4.1) becoraes,

gradr'= t(nr ]"‘J(nr“’ J*’;[nr"-liJ
r
= nr“'g{xi +yj+zéj.__ e

div(grad r*)= V. (nr"* (xi+y juz by

= (f-‘l‘*j—"";’%}m'ﬂ_z("i“'y.hzé)

o o
0 a2 0 .4
_.__6_,”,-"'23:+——nr y+aur z
"‘“g+nr"'2+yn(n-2lr”;
= an(n-2)r pe >

-2 Y i
' v zn(n-2) - S
oy

=3nr"+xn (n—2)r""’—f+yn(u~2) r”me 9) ™
:

=snri+n(n=-2)rx*+nn-2)ry +n[n—2)r"“z*
=8nr2+n(n-2)rx+y +2%)
=Snrit+nn-2)r2=@8+n-2)nri=nn+1r

Putn=-1, we get w(l] =0
r

We know that curl (u @ )= u curl a +(gradu)x ¢

. 1) -
curl L\= iqcurln(grad—_.ﬁr
.-"J r 4

=O—£_2_-—f]x; {cml::=UJ
P

= ——%-l;!;]:‘}:o
r
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¢ the physical meaning of cur] j
Que 5.5. Interpre anq diy

Answer l _ )
[nterpretation of Curl F:

gtlllnj;siciigla rigid body rotating shostzned diuwith Unifory, ,
A

g‘l

velocity " . .
o=l +0, ] * Ok
. int P(x, ¥, 2) on the body is given by > -
The vector v of 1Y PO - Wveq, ’
 _xi+y) t2kis the position vector of P, ;
where I = .
iJ kR
‘:zt;; X ;= w, O, Wy
x y 2
i J k
curl v = ra o P
0,2-0;) OX=0;Z O ~0,x
= f(mI +0,)- j(—mz—mg}-r E(m3+ma)
curl v = 20
oy 1 G
o= curlv

2
The angular velocity at any point is equal to half the curl of the linear

velocity at that point of the body.

B. Physical Interpretation of Divergence 3‘ H
Let us consider the case of a fluid flow. Consider a small rectangular

parallelopiped of dimensions dx, dy, dz parallel to X, ¥ and Z-axes
respectively.
WY =5, i+ Yy J+ v, k be the velocity of the fluid at P (x, y,2).

" Mass of fluid flowing in through

the face ABCD per unit time =~ Velocity x Area of the face

: = v, (dy d2)
Mass of fluid flowing out across the face PQRS per unit time

| v \
=2 |V Aot gy !i.rfr\'.rf'vl

0 P
P —
Y Fig.5.5.1,
1 mass of fluid to the flow along Toaxia

Chﬂnge 1

v, dydz__[ dv
v+ ‘gd‘]dydz

]

e ydz  (Minus sigy shows

the decrease in mass of fluid to the flow a

Bv,
= dx dy dz
oy Y

decreage,

gimilarlys —

ase in mass of fluid to the flow along Z-axis
ov,

= Ziged
3 ey

Total decrease of the amount of fluid per unit time

and the decre

dov, Ov, av}
PV (e SR SN | 3
[ax o ) dEdydz

fluid per unit volume = ¥z , %% , 0¥,
Thus the rate of loss of fluid p it volume =Ly : -t

Y B A .
= (I— + J;+k T] .(IV,+va4.k‘.r|
J [}‘z F ]
= V.v=divv
If the fluid is compressible, there can be no gain or loss in the volume

element. Hence

div V =0 .
and vis called a solenoidal vector function.

Que 5.6. | Prove that :

url (FxG)= Fdive - GdivF +(GV) F-(FDG-

Answer |

- g B
curl (Fx @) = Z:x?_;‘{FxGi



? g
5-
ath® ~+) uc‘s“"ll
y Z[Ex.a_“J.; Z(: a3 T
ox l“‘a'J'u
G onee .
. u-(y Ic) (u‘v.’ )
div(u x V)= (©urlw) v —(curly). ; :(cm-lu}
U
v)
nd order derivativeg of
1f all secO ¢a|ulv,,u,,.,m.l
o that & €1 (grad ¢) =0 (i) divicur] y ) ¢,
AKTU 2017-18, oy =
10p 3¢ 2 39
ad¢=Vé=i—+ =+ 2
i i v (Vﬁx T8
- -+ - -+ . P s - -+ o l( ﬂ.d¢}= X
Hence proved. . ’E*Jéy_*’ Ez_]x(l'_”_‘*kﬂ]
—_IQne 5.7. | Define curl of a vector. Prove the following Vector i j i
identity: o 0 0o
- - - - = =¥ - E % Oz |
diviuxv) = v.eurlu-u.curlv if g g;‘
Anaml ox oy oz
A. Curl of a Vector: A 8% 2% ) [ & \ P
8 e =__f’2¢-_azi]—;( $ ¢J+L¢ 24§
Let a vector F= Fi+F,j+Fk = o ozdy dx oz ozox Ox dy 6‘ya
Cu.rlofavectorFisgivenby S - I7=VIE+V23'+V3£
Pk Pk
arl F=yxF =0 2 @ . > |a & &
5'3'5)*52 CM]V=VXV-§E'§|
K F, F v, 2 Vs
mlﬁ:f[ﬂ_ﬂ]_j[gﬁ_gﬂ i[F_ o NG AR AN ?ﬂg‘ﬁ]”@ﬁ‘"_l
B. Proof: ¥ o] o x o Iy z &) \& &
dvuxy)= $5.0 = + [ . . a7 div(curl V)=v.(Vx V) e
Z -_(“V)=Zf lQEXV+ux2!J (18 "8 + 08 afoVy dV, ;%_ﬂ@\_*i}____l_
ax (ig+i2ei2) [ Za B ) j(T-T T3
,[a~ x "o & y &z & & -
i u - - 3
T4t "——va._ (av *J 2 2 N
ox Z* -(,;xu =62V _EV2+_ﬁ_fiVif_:52V;,__:l
ay i e o &x &




. — e — C
HBC {’Solﬂ 1}_#.,...-"""" tn: ﬁlcm
- V Hence Proved Ny
g.@x " " rivati
ind the directional de veof ¢, (x, y, i
Qua;los-. 1) in the direction of the normaj ¢, i "
the li"'illt Lz:'.ﬂat (@,-1 1. e Supy t
r 2 3
AR ¢1[I'y‘2)=xy +)2
v 0 40
L [‘”&”5”5]'("?2”23}
=y4 + (2 +29) ] +3yz2 k
(‘”’1}:‘2,-1‘ n: ! +{"3} J "3 k
v,=1-3J -3k
Surfacet#fxloﬂz‘yg"' 4
Normal to surface,
il vk e (x ] 2
V¢2= ;-&-+j5 g <xlogz -y +4)
=ilogz-2j+%k
Z
Wq’z}m,-x.n:z} +2k
Unit vector normal to surface,
a= Vo,
|V, |
o202k ek
Jh+d J2
Directional derivative,
A A A Ly A\
=V¢,.a = (i-3j-3k) LJ+kJ
2
-3-3
" -
Que.s.m.| i _—_—
il Fmdtheduecuonal derivative of (—1,_) in the direction
r
of r where r = 5., 5 1
s [AKTU 2016-17, Marks 04

-3 3?'-—.._

o V[l)=£

"...[M
S

-
-

; be the unit vectorin the direction of 2 .
qQ=,

pet .r
T e . r
Directlﬂﬂa]de“"at“'e‘v(;;J.a:nzr_;':;z o,
r . ‘;_‘s‘(r]=____
k]

571,| Find the directional derivativeorp(,
aﬂ’ 1y = +yg

; : » a +2at
poiﬂt(l’z’m in the direction of 3'+4j+10);‘
e

ﬁ.ﬂ }r=x2+y2+22

Directional derivative in tha; give; directionis g . grag E
gradf= i %L, jT &
x Ty

=i

R

(x2+3'2+22}+j§(x2+f+z’1

= 2xi+2yj+2zk
The unit vector in the given direction 3 +4 j+10 is
3i+4)+10k_3i+4j+10k
V9+16+100 55
| PR T PO
G.gradf= ﬁ(al+4j+10k].(2.‘ti+2yj+22kl
At point (1, 2, 3),

a=

2 2x41 825
i . = ——(3x1+4x2+10x3)=" =2
a.gradf 5\/{5_[ x1+4x2+10x3) e

Al

Que 5,12, | If a vector field is given by

F=(z* -3+ x)i —(2xy+y)] . Is this field irrotational ? If so, find its
[AKTU 2013-14, Marks 05

scalar potential.




= - {
:_;ﬁ ) Vector Cq gl 5-15¢
> 5140 (Sem! Uy, o i e
o ik
- 7 . _6_ 0 d
Fuipyteal | Gt B
- Id,curlf‘ =0 y+z z4+x x4
irf'omtiﬂﬂs”ecmrﬁe # a4 i
Forhe ' J k = A-Df —a-pj :
-+ d d 3 - ) +(1"1}k =‘6
F: Vx F= E a T -
curl . oy 2 - otational i
-y +x) (- 2xy - y) 0 H"“ced the correspondms velocity potential ¢ consider h g
[ u—i(ew-y)J-f[m-(x’ 2 Jatio”
o A *ym] re V=96 -
h R+ Dy + 2
+k[§—(—2xy—y)—-§_(xz__ : dé= atdx+6y y+azdz
%’ y +x)] a¢ .a¢ .%
=0_0+£(—2y+2y) =[£E+Jg+ '&-).(idxq-}dyi_ﬁdz]
-+ o
V=vxF=0 io -0 ~a] - %
2 =|—++ —+k— .dr:v e
Hence the field is irrotational. ) [31 Jr"’J’ o ' vy
s =grad 2 % dos
mmﬁf.?’eknowthatf' grad ¢ =[y+2)i+(@z+x)J *("‘*J’)k]-(idﬂ.}'dﬂﬁdzl
F.dr=Vé.dr = (y +2)dx + (z + x)dy + (x + y)d>
ek oAb % . =ydx+zdx+zdy+xdy+xdzsyg,
- (;?g+jﬁ+k@}(dri+dyj+dz£) Y
a 'y e b= [(ydx+xdy+[dy+yda+ [drs gy
= ﬁdnﬁdyvrﬂdz =d¢ d=xy+yz+zx+c
& O 0z Velocity potential = xy + yz +2x + ¢
dé= F.dr ,| Determine the value of constants q, b, ¢ if,
db=[?-y +2)i -2y +9)]]. (i +dy ] +de ) : X ;
= (2~ y? + 2) dx - (2xy + y)dy A s(x+2y+az)i +(bx-3y-2)J +(4x +cy+22) k is irrotational.
=(x’+x)dr—(y’dr+2xydy}-ydy
ol A |AKTU 2017-18, Marks 33|
:! x! 2
or . T L
g g
Aﬂuidmotioniggivenby \ F=(@+2y+az) i +(bx-3y-2)j +(@x+cy+2)k
T R - F isirrotationali.c., curl F =0
=42 4(242) 4 (xs 9k . Show that the ion s el Itisgiven that F am lrrotatlonftlle , cur ‘ |
'ndheﬂ%ﬂndthevglod i J k
i  potential. [ ARTU 2015-16, Marks 05] 5 s n
curlvsypyy t+2y+az bx-3y-z 4dx+cy+2z
[ |




@ bx-3y-2) z
[ﬂ[4x+cy+2z"5z (bx -9y
P

v 16 (Sem) Voo,
. J ~_ G,

[a(4x+ 5
g™ Cy+2z)_ «C
ox 2) 5“{-7“2
® Yy, ).

\j+(6-Dk =0
c+l=0 =
4-a=0 =
p-2=0 =

Que 5.15. l Find the unit tangent vector at any pojy, &

x.f’d,y:#-ﬁ,z-zﬁ-ﬁt, whe::etis any variable,
the unit tangent vector at the point £ = 2,

Answer

(c+1i-(4-8
Now,

2

Cup,

Also g,

If risa position vector for point (x, y, z) on the given —_—
- i

r=xi+yj+zk= (2 +2)i +(4¢-5)
5)j +(22 _ 60

dr .
The vector — is along the tangent at (x, y, i
6 vector — g 4 Y, 2) to the givep ¢ .

-

d; : % -
— = 2i+4+(4t-
dt i+4j+(4t-6)k

-5

% = (2t +4* + (42 -6)

= J20t2_481,‘+52= 2\/552—12“.13

* The unit tangent vector,
dr
dr|  \5t'-12t+13
dt

Unit tangent Vectorat =2 js,

2i42)+(2¢3-3)f

5x4-12x2413 -

Low aom
3@ +2j+k)

T |
c8 oy
ps T

wer |
- isthe position vector for a point (x, y 2) op 1,0 Curve, the
gr? P L e
r= xl+yJ+zk=2t2§+”2 2k
- t]J+(31_5}kf
dr " -
ity = i@
yelocatty”
(N
L%J =41-2j+3k
t=1
&r s oon
Mceleration, 7 R 4i+2]
2|
dzr‘J " "
—| =4i+2)
2
{dt =1
The unit vector in the given direction i-3j+2

i-3j+2k i-3j+2%k .
= =n
V12 4+ 82+ 22 J14

component of velocity in the given direction

The
d; " » 8 ot E—3j+2,€
2= 4i-2)+43k).—F——
at" d s
_ (4+6+6)_16V14 814
B 7 VR |
The component of acceleration in the given direction is
dg; - 2 4 f—3j+2£_4—6__£:—\5ﬁ
dt2 n= (4l+2}}. Jﬁ _Jﬁ \{,1 T
Q“°5t110 I lf ; = (xzzl:.'.zx;'_ans] a_l'l.d B = [ﬂni+2w“2‘k]'

V)xﬁ].

IAKTU 2016-17, Mark;cﬁ

Find the value of [Ex (V x ﬁ)] and [(.;l x

Answer

L |A x(V x B))



18C (5e™” i B al
. a 98 9
vxB = 'a; & oz
3xz 2yz -2
o=z _ 6(2yz)]_ ﬁ[ﬁ(-z’) 2
(o
+£ 6(232)
, . [“Ex‘ﬂ%
= §[0-2y1- JI0-3x] + k0 %»

-y i +3 j+0k

- - -

1 J k t ¢
Now [Ax(VxB)l=|x? 2y -3xz
2y 3x . 0

;[0 +9£22]_j[0_ 6xyz]+ E[Bx‘zz +4y?)
9x%z i +6xyz j+(3x*2% + 4y%)h

i [(AxV)xB]

i J kR
- x2* 2y -3xz
AxV i E 2
™ oy o
i} ;[6(2)') _ a(-axz)] _ j[é(xz’) _9-3x)
0z dy oz e
+ }3[6(’22)_9.(_2!_)
oy ox

£[0+0]- j2xz + 32] + K0 - 0]
0i -(2x2+32) ] + 0k

-
. -

- - . Jl £
((AxV)x B) = 0 -(2x2+32) 0
3z 2y, -2
- lzz 2 :\ ~ A~
( Jﬂz’f32)*-“1:—[0--lf)l,;r'+[0 +3x2(2x2 + 32)) k
= (2x°

+32)i 4+ (Bxtp2 4 9x2%) &

z‘

. [ntegrab Surface Integral, Vol

Lineé nce Theorem, Green's Theor.

me Integrq
D,-uerge

s Gaugy:
(without proof) and their Aj,m’ Stoke’s Tﬁeorer:

gral Any integral which is evaluateq
Lin€ ]_Ilte al. Let F(?) be a continuous vectoy along acurveis

¢ Point fune; "
aﬁ“;rl:otfnt of a curve C in space. Let us divig ﬁmmmdeﬁ“ﬁd a |

e the ‘
e e pointe: “rveCintonpan, |
b)’t A= to, tl, SRR "'tu-vt,“-'-B '.II
_pdlet Ry By B e By R, be position veetors of

o0¢ p, be any point on the arc L, . Then limit of the gy T |

i F‘{P) _Bﬁn = where Sﬁi =ﬁi— ﬁ:-l

|I|
i=l

Asnawaﬁqe;z;);t\gizd;O,ifitexiats.ismnedaﬁnemg,ﬂd} .
alonE C an 18 \

5 — = d ﬁ II||
[FdR °F LF-#de*
c . \
Line integral is a scalar quantity. -

Work Done by a Force :

The work done by force F during displacement from A to B is

B -
jF.dR.

A .
Surface Integral : Any integral which is to be evaluated over a surface

is called a surface integral. Surface integral of a vector function F over

the surface S is defined as the integral of the components of F along
the normal to the surface.

Component of F along the normal =F . n

where 7 is the unit normal vector to an element ds and

—"

R

E
. mul.-‘»ﬁ'ﬂf' L



| g [ v =0 hen sl inboasolenoigalyeyy
i 1

5

|
nt |

|
| function:
1g Theorem : |
' iR, ok, be continuous functi
-1 £ tio
/ it F By (%) P ns over aregion
d curve C in x-y plane, then

 pawenw - (F5

|

II (Green

bounded by simple close

C
Stoke's Theorem : Surface integral of the component of curl f |
along the normal to the surface S, taken over the surface § bounde |

|
||| by curve C is equal to the line integral of the vector point function p

/ taken along the closed curve C.
| §F.dr = [[eurl F . ds
c 5 /

|
| Where i is a unit external normal to any surface ds.
n=cosa f+cosﬁf+cosy k

Gauss’s Divergence Theorem :

’;‘lheh:::fn be-tween Surface and Volume Integrals :

takBe:t ar!::ce Temj of the normal component of a vector function F

diverge;]ceu;' F?: closed surface S is equal to the integral of the
aken over the volume V enclosed by the surface S. /

Mathemat; ; F
ematicall, ” Fids- f f f div F dy
jrae={]] ]

|

/I

pres |
s
g0 —_—
=g

and Medium Answer Tyve PR _
$~SR0 iong

or field is given by p ... - ]
48'1 g ve?ttegra] over the circ:lrm_ e y t+x(14¢og ¥ j
aﬂﬂ v the line n path given byxz by i
ud iy
ov?)

er . i f the circul
¢ equations of the circular path are , -
etrl ex acos:‘y,.asim!

The pﬂ;l:lvaries from 0 to 2.
2% Oicle moves in %Y plane (z = 0), we take

part

r=xi+yJ
d;'—“ dxf+dy_}'

‘ﬁﬁd; = 95 [sinyf+x(1+cosy}j]‘(drf+dy})
c

c
= rﬁ sin ydx +x (1+ cos y) dy
C

= 4) (siny dx+x cosy dy)+ x dy
c

C

= ¢ d(x siny)+(]5 xdy
c

2n 2z
= I d (a cos tsin (a sint})+J' a cost a cos t dt
0 Q

2z

[a cos t sin (a sin t)]" +a* J' cos’t dt
0

2r 2 . 2z
1+ cos 2t _a sin 2¢
= qa I ( 2 ]df-?{t‘l" 2 l

0

@ (2n) = na?

. Que 5,19. 'Evaluate I i‘.d;,where i‘-—-(x’+y’llr#21}'.l' and Cis
C
the rectangle in the xy plane bounded byy=0,x=aandy=b,x =0-‘

EKTU 2018-14, Marks 05
Answer l

F.dr= [ F.dr+ Fdr+]
!_ ! J‘ ! I_a.‘ !

[£21
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5-22C (Sem-1) -
- = %PQ
F.dr=@x*+y?)dx - 2xy dy m"uh
x=0,dx =0,y fromO0tobd

=b, dy=0xfrom0toa
dx =0,y from b to 0

AlangC‘O:y=0 dy-Oxfromatog
IF d"'.[o”.f = +b")dx+_f ~2ay gy, .[x

[-gbI o[y T3y

a bz ab? 3
= ‘E+ﬂ + __3_=2ab2
Yir
b A - B
(0, ) .l (G,b) y=5b
x=0/ e
00,0 y=0 C @0 —> X

.Queﬂ.m'-;lq Evaluate ﬂ (J'zf-bzxji-x‘y B.ds, where § i ¢,
§

surface of the sphere x*+ y? + 2% = g? in the first octant.

[ AKTU 2014-15, Marks 10|

A= Fi=2xi+2yj+22£_xf+y}+z£
JI"2+4J'2+422 - a
A= veivarjigy

[

gtic®” : $ac (Sem.y,
e 3xyz dxdy _ -
v = “ a (z/a) "3“ xy dx dy

N pe g

=31 [ a2,

By T
= E!, PRE T ‘5 x(a - g2) gy

a x a‘ G.‘ 3
2 E“I}gﬂ‘

B L tueniamal R
y,o,z=0,2x+2a+z=4

'.03

(;_@_+}.§-+k-é;) {(23:2—3232—2@3—4:&}:
o dv = dx d}' dz
2  2-x 4-2x-2y

2x dx dy dz

Zj[4xy -2x"y —xy* B " dx

0

2][4x(2 2)— 22 (2- %) - x (2 x) dx

0

= 2] (x® —4x® +4x)dx
0

x* 4
———x"%
2[4 3::

i

e E ;"N

Q“B-S?. lt‘i =(x-y);: +(x+y)j,eva1uate écA-dr around the

Ve C consisting of y = +? and y* = v, | AKTU S017-18, Marks 33|



5-24 C (Sem-1)

Rnswer |

-
A=(x-y)f
é—b - i +{x+y}‘.'
Adr =
c é(x J’)dx+(x+y)d
Cconsistingof  y= x’andy i
Y‘r Izzy
\ _];2__
A1,y
¢
w,m(*x
Flis"s'mol.
éﬂdr- ﬁAdr'*ﬁAdr
ong C,, y=x?
#-hﬁ
Ad =
f r I(x x )dx+(x+x ) 2x dx
= Il'dx—x2dr+2x2dx+2x3dr
0
1
= Jlre x4 2% e
0
- ?-'_ x x 111
+—t— =—4—4 —
2 3773 L‘2+3+2
o A
C 3
N“"‘Mongcl _
x=y"dx=2_)’dy
-
'PAdrz

- 7 4 2
ghar=3(5) =5
ThuS c
/‘3" Varlly Gauss's divergence theorem for the function
aﬂ‘f, z}*yxk over unit cube.
5y i+
L]
F‘:ng +z,}F +yzi;
- . I y o R
V'F=[‘3+J5+ka]'{zzf+zj+yzkl
V-f‘=2x+y

o

- 11
Volume integral = IHV'F dv= { ]; (2x + y) dxdyd:z

j'(2x + y) 2], dxdy
0

-]
TR PRI RS

Now to evaluate H F-n ds. where S is the surface bounded by the six

surfaces of a unit cube.
Over the face OABC, z = 0,dz =0, 1=~k ds = dady
HFR ds = j I(x”1:+ 2j+ yzi'\-(— k) dxdy = H —yzdxdy
’ (l; D [ 2=0i

Over the face BCDE,
y=1,dy=0, n —J , ds = dxd:
i 11 " 2 z i . 1t )
HF'H ds = j [[.r:i b2+ yzk) j)dydz: j* ‘vz
e \
z T SR
. I"‘{‘ | e L
Over the face DEFG, z = 1, dz =0, 1t =k . ds = dxdh



Vect,

rca]
gﬂggﬂ,fff””"#*fﬂﬁ*__ﬁhﬁ“ﬂﬁk
) Jl-(z +”+yzk}(k]dxdy
. 0
v 1

Ilyahuyao

0,dx=0, 1;-'-1: ds = dyd>

O?erthefwocm i dydz = 2
[[Fnds = Hir tieaj e Dy ”‘ ¥dydz=
5 [-'. xao]
0 ﬂ j-d8=dxdz
AOGF,y=0,dy =
Over the face )2
!
Gl[ﬂ',ﬂ.l] D
F i E
|
1
b 0,1,0)
N s gty pih -
0 c
Al
- (1,0,0) B
¥
) Fig. 5.23.1.

% H;‘-r':ds = i i'(x’f+zj+yzi)'(-j)d.rdz*-—ﬁ—zdxdz
8 00 00 x

to[2] 1l 1 1
de|—| === [dr=-[afy == 2
-] { J g |- gisl =1
Over the face ABEF, x =1,dx =0, n =1, ds = dydz
f[Fads= |
] 0
l‘g 1 1
2 Hx dydz=J;dy[zg =£dy= [yl =1

%Mrequiredﬂurfacemtegralls ['.' X= 1]
[ij 04 1,1,
2

1
[i+ 2+ y2k)i) dydz
0

e

HF'nds

mwm“-
uss ’s divergence theorem is verifjeq

| ,_gg',y-l-ﬁz]n ds where s de
[{’sy;)i ] notuthe%“m

py the planesx=0,x=a;y= “:J"G.z-ﬂ,z-c.

ity ta ]“" ~y2)i~2c"y j+ 2hids dy ds

"

n
O — O — O —

(3x* - 2x*)dx dy dz

Ol S l—E O ——n

tdxdydz= ”x [2lidy dz = aﬁxdydx
oo
5

!
|
d!
I

a 379

= a[2*yl§ dx =@’ Ixﬂdx = G{%l % .(5241)
0

Taking RHS

=[[F. nds

= Hmcf‘.ﬁds+ﬂmmf‘ .nds +Hnmf'.;1 ds+_|'jomﬁ'.ﬁds
+Hmpi .nds + Hmf'n ds ..(5.242
Now, over the face OABC,z=0,dz =0, n =- k,ds=dxdy

Hmacf'.ﬁds = ﬁ[xsf-2x2yj+2£]'{- E]d-td)’=ﬁ'3‘i"f?
00 00

= -2j[y];dx=-2a]’dx=_zd;g =-2¢!
0 0



Vector Cﬂleu]ua
-1)
Sem
5,.,% Cl 7
| _p
G y 7

S

(E

_.--.I.;,.Q..__.;; Y

0, a,

i

ﬂ/ (a, 0, 0

’ Fig. 524.1-
I s Ta
OverthefaGEBCDE,y=a,dy=0, n=j,ds=
I F"rlds =Ii[(xi_az)f__2xzaj+2k]-jdtdz
BCDE )

- [[-2rtadeae

= - Zan*[z];dx =—2ax a_[x’dx =—2g2 E;I
] ]

a.‘l

2
= 2 —_— ==
rgr3

Over the face DEFG, z =a,dz =0, n= k ,ds = dx dy
H F.nds = III(:’—ay)f—Zx’yj+2£]'£drdy
oy oo

= JyZd.xdy = 2f[yl§dx=2afdx=—2a3[x];
=2(;02 0 0
Over the face 0GDC, x = 0,dx =0, n=— i ,ds = dy dz
Imﬂci‘-’;dﬁ’ = ”[{—yzfd-EfJ'{—f}dydz=”yzdydz
0o oo
2 2

a zﬂ 2 a!a & a a.‘
= —_ d = — d .. J’_ =
ﬂgly 7|7 2[2]0 1

OverthefaceAOGF,y={],dy=0, ;;:-_}‘ ds =dx dz

5-20¢C {gem_“

_ jj[fhzél-t-j)dxdz:o
0o

ca,dx=0,n=] ds=dyg

J’IM 00
= ﬁ{a“—yz)dydz
0o
a 22 a §
- flee- s oeler 02l
1] 0
‘y-y' .ot I aa-g2 -2
=|ay 2x2 m—ﬁ-gl
4 4
5 & . s_a
=% 79x2 @ 4
ing all these values in eq. (5.24.2), we get
ut 4
gor¥ i "ds=—2a’-—u“+2a’+a—+0+as_§i
HF.n 3 1 :
5
2 3a® - 2a°
s _2 s_da8 —za
=a 30 3
a

..(5.24.3)

=3

Hence\reriﬁed.
Use divergence theorem in cartesian form to

QIIO 5.25.
waluate [[¥dydz+ydzdx+z dx dy , where the surface s is the

,phe:ex’+y’+z’=a‘.

Fl
deydz+ydzdx+zdxdy

5

=ﬂ(xf+yj+z£)¢fdydz+jdzdx+édxd.w

s

=x,F,=y,F;=z2

]

” (ﬂ + s # &) dx dy dz (Using Gauss Divergence theorem!
x &y @z )

v
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1)
5-30C (Sem Vectur

¢
- m (1+1+1]dtdydz=3ﬂjdx dydz =3 (Volume °f8phel_ \E]f‘ll.*
v e}
- 3[5] xa’ = 4na’

TR Vet h Grens thorem 1 fin
b o "

. i
I 2y* dx+3x dy), where C is the boundary of ¢ - t&"ll
¢ | 8ed
&
bounded by y =x and y = %"
Using Green’s theorem
9 0.,
! 9y* dx+3xdy = H [5(31:}—5(23! ):|dx dy

Verification of the G

3
reen’s Theorem :
I2y dr+drdy. | L @ dvssrdy)s [ (2y dr+xdy

Alﬂﬂs OAB, = xa

d Bco
Aoog B0,y 2 ds

dy =dx

B-31 ¢
e s 2 0 om1
o - |2« +3x(2x)ldx+j g s

ﬁ“ fomedbyhnesxttl,yagl

AKTU 2017.18, Marks 3.5

osed curve C consists of straight lines AR
dmates"fA B,Cand D are (-1, -1), (1,

ctively.
espetheorem, we have

,BC,CD and DA
-1),(1, 1) and

2 0
J[,s;,ﬂ)dx*("!*ygﬂy = Ilﬁl:&—(x +yz)—5;{x=+xy}]dx dy .(5271)
= jjn(2x—x)dxdy

NS TR
= [\ 2xdx =0 (52712)
Now we evaluate LHS of eq. (5.27.1) along AB, BC, CD and DA.
Ic(xf +xy)dz+ (@ +y")dy = .LB(IQ +xy)dx +(x* + y) dy +

L;c(xz +xy)dx+ (xF + ¥y dy

+ ICD(x2 +xy)dx + (2% + yP) dy + Im(x’ +xy)dx + (2% + y)dy -
A2 3!

Now along AB,y =~-1anddy =0

||_.

¢ .'(3 X
. Ias(xz +xy)dx+(12 +y2}dy - :[l(xzuxidx:.[;-_

_[l_lﬁ,rl}i
“ls 2 3 2] 3

Along BC,x=1and dx =0

[ 2]

1 |
s J.BC(x2+1'y]dx+(r2 +y2)dy = Ill;}-"’\d}lf ;_\ '
i |

s



B(1,-1)

%
%
7
A-1,-1) % %
i

Fig. 5211,

Along CD,y =1anddy =0
-1
I (z’+xy]dx+(x2+y2)dy = I(xz+x}dx=[f_ szl
cp T
1 2 h
:[—l"'l“'];—l]:—?_
3 2 3 2 3
Along DA, x=-1landdx =0

i ]' (£ ) d 2,.2 ? 2 37!
oyt @ e Ddy = [+ y?)dy - y]
1

J’"”Ta-
| 1] 8
=[=-1-=-1-2|=_2
[-1-31-3]--

1

Now from eq, (5.27.3)
L{x!+xy}dx+{x8+ys}dy= 2 8 2 8

=t —m————=

b 3*3 ..(6.27.4)

Equality of eq, (5.27.2) and eq, (5. 27.4) verifies the Green’s theorem
Que 5.28, | Verify Stoke’s theorem for
e F-{y-z-l-z)f-t(yz-l--l)j.-le;
XOY plane ( “oeclucubesn0,yag, =0,x=2,y=2,2=2 above the
© fopen at the bottom), | AKTU 2013-14, Marks 10|

Answer I
$F.ar <
:

[ - : ': H ]
@ Y-2+2)i4 (yz+4)j —(xz)kl.(c‘dx+j‘dy +jzd2?

5-33C (Sem.1,
:F"-d; - é)(y—z-!r 2}d1+{yz+4ldy_ndz

=
B

¢

g IF'dr+IF'dr+I;‘-d:+jﬁ o
0A AB & .dr

0,dz = 0 and x varies fro

»dz =0 and y varies fy

0,dz=0andx\rarieg

0,dz = 0 and y varieg

[a7]
m0tp2
om0 to 2,
from 2 ¢4 0,
from 2 o ¢,

0
saee Jidy 448255 __,
2

oo o

?

wononoun
NN NN

(=]

¥
4
Q._‘“
8
]
+
w=—ao 1 N0 n

A.dr =
@F 0 i
a 2

| Y-}
y—z+2 yz+4 -

. will be about five edges ABDE, OCGE, BCGD, OARF, pgpg,
Iﬂwgra.ho Z F G
(0,0, 2), """" 410,2,92)
2. 0,2) =1

s

J
d
curl F = 5

®lo =

E; 2,2:9)
]
1

[ShES

1(0,2,0)

B
(2,2,0)
Fig. 5.28.1.

(2,0,00
xVA

On ABDE A=i,ds=dydz (x=2)
12
ﬂ(fo‘).ﬁds = !]—J' dydz = —ijdde=_4
00

On OCGF, ii=-{,ds=dydz (x=0)

”[in‘].&ds = Hydydz = Eiydydzz.;

On BCGD, A= j,ds=dxdz,(y=2)
(9 xF).ids= [[[-yi+e-1j-k]jdeds
= ﬁlz—l}d.rdz =0
oo

On OAEF, A=-j,ds=dxdz,(y=0)



5-34 C (Sem-1) .
22 e%re
H(wi‘).ﬁds=—_[j(z-1mdz=o a‘“wh
a0

On DEFG, i:ﬁ,da=dxdy,(z=2)
H(?xf‘}.&ds= [[yit@-Dj-R1.k dyg,

- fJacdr=[faay=_

Thus, chﬂp Ads = §:F dr=-4+4+0+0- 4o
Hence Stokes theorem is venﬁed

Q % Verify Stoke’s theorem F '(a‘)’*zux-z,y_x)
thetnangieABCcutfmmtheplanex+y+z=.1byth II
e

..(6.28.1)

Alo L
"““B”“"“y=1»y=1~x,dy=~dma Fesity

F.dr . el s oa
,.I. - ‘J;m-?‘”#(?-x}kl{idnjdy)

= Aj;zydx+xdy=!a2(1_x}dx+x{_dx)

(v y=1-xanddy=-dv
=J;2¢r‘2xd’-"~xdx

=f[ay-x}_ax—zJ}_j[a(y—xl_ X2y +2)],

5-35C (8em-1)

:mit = 1, Upper limit = 0

i <
. [ e ,,8 1
P‘yua*"s' j‘(gs:)dx 3
o sgmln _y,dz= ~dyand 7 =y +z}
YA
Bgtﬁ (2y+z)"_d+yk](jdy+kdz)
¥ Jﬁdf I[
e j‘_zdyﬂ’dz
BC

., j..(1—y)dy+)'(‘d)') = I-dy«}-ydy_ydy
- BC

2 it = 1, Upper limit =0

8C )
o I" - [y =0-CD=1

; _1ox=1- zdx——dzandr—x; +zk

P z—.
MC‘A -});d J'[z;+(x 2)j- xk](ldt-#kdzl—i;dx xdz
-0 e f _zds-dz+2zdz= Jc dz

lm ¢ CA, lnwerhm1t 1, upper limit = 0]

0
= [-dz= -z =-00-11 =1
1
f f’,d;, F.drand .F.‘.d;ineq.té.ﬁg.ll_we
mmnsthe"“l“”,!,, EIC CL
have
R | 3
[Fdr= <5 tl+l=3 (5.29.2)
ABC
ik
= é ¢ (&
N ,ctn'lF VxF=| — - —
" & o |
2y+2 x=2z y-x

i dx- Z]__(‘:iQ_\'le]
- o cz cx dz | cx cy
S0l jl-1-11sk1-2) = 2042k

tion of the plane ABCi
Bx+y+z=1
"l to the plane ABC is =



-~ .+
Normal unit vector, 7t = = 7=
Now taking RHS G 3
s W T ot o [i+i+k
JL:III’]F'nds=JIg(2‘+2J_k} (T

(2+2 1) dxd
I - _3.dedy
75'
= 3 x area of A AOR

= .3 x -v;— x ]___x 1= _3_
From eq. (5.29.2) and eq. (5.29.3), we have (2
[ F.dr = [[curl F.nds
ABC 8
Hence Stoke's theorem is verified.
Que 5.30 | Verify Stoke’s theorem for F.(, +y? )1 2*3’.}
around the rectangle bounded by the lines x = + c”‘o‘yabm

OR

If F =@*+y%) i -2xy j, then evaluate the value of [ F.dr
AKTU 2016-17, Marks §

H

Answer
Let C denote the boundary of the rectangle ABED, then

§.F.dr = § [+ y)i-2ay fidx + jay)

@ [(x* + y*)dx = 2xy dy}
The curve C consists of four lines AB, BE, ED and DA.
Along AB,x = q, dx = Dandyvanesfrom Otob.

[l + y*)dz - 22y dy = j'o ~2ay dy = ~a[y*}} = - ab’

(6301
Along EE,y = b, dy = 0 and varies from a to —a.

= [+ biMs =[% + b‘IL

20 gy A5.302)
- 3
ﬂandyvaries fromb to 0.
,dx = . i -
=" pey dy) = |20y dy=aly'h =-ab (5303)
ﬂong[uuy )~ OandxvaT‘BSf“’m -atoa.
= 3
:Je DAY e AR : .(5.30.4)
plooh _odxdy) = j x t
{(;;’H‘ - (5.30.2), €4- (5.30.3) and eq. (5.30.4), we ge
S a0, gt et
écF'dr i} ’ ..15.30.5)
i j k . .
= 2 2 7a—=[—2y—2y)k=—4yk
curl F = | 3¢ dy ¢z
Now x3+y2 _21y 0
=ik
Forthesurfaces’ n .
arlF.0 = —4yk.k=-4y ,,
- a bra =["-4 .dj’
” cuf‘tF-nds = .Lj_ﬁ—‘i}'ifdy L‘l ylxr
* 2
2 Y| —_gab' .(5306
= —Bajnydy=—ﬂa{2:[ dab (5
_(5.30.6) verifies Stoke's theorem.
The equality of ea (5.30.5) and e: (
()
E(-a,b) =b Bia, b)




