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UNIT-1 : BASIC CONCEPT & AUTOMATA THEORY  (1-1Ato 1-37 A)

Introduction to Theory of Computation- Automata, Computability
& Complexity, Alphabet, Symbol, String, Formal Languages,
Deterministic Finite Automaton (DFA)- Definition, Representation,
Acceptability of a String and Language, Non Deterministic Finite
Automaton (NFA), Equivalence of DFA and NFA, NFA with -
Transition, Equivalence of NFA’s with and without g-Transition,
Finite Automata with output- Moore Machine, Mealy Machine,
Equivalence of Moore and Mealy Machine, Minimization of Finite
Automata, Myhill-Nerode Theorem, Simulation of DFA and NFA.

UNIT-2 : REGULAR EXPRESSIONS & LANGUAGES (2-1 A to 2-24 A)

Regular Expressions, Transition Graph, Kleen’s Theorem, Finite
Automata and Regular Expression- Arden’s theorem, Algebraic
Method Using Arden’s Theorem, Regular and Non-Regular
Languages- Closure properties of Regular Languages, Pigeonhole
Principle, Pumping Lemma, Application of Pumping Lemma,
Decidability- Decision properties, Finite Automata & Regular
Languages, Regular Languages & Computers, Simulation of
Transition Graph & Regular language. h

UNIT-3 : REGULAR & NON-REGULAR GRAMMARS (3-1 Ato3-28 A)

Context Free Grammar (CFG)-Definition, Derivations, Languages,
Derivation Trees and Ambiguity, Regular Grammars-Right Linear and
Left Linear grammars, Conversion of FA into CFG and Regular grammar
into FA, Simplification of CFG, Normal Forms- Chomsky Normal
Form (CNF), Greibach Normal Form (GNF), Chomsky Hierarchy,
Programming problems based on the properties of CFGs.

UNIT-4 : PUSHDOWN AUTOMATA (4-1 Ato4-28 A)

Nondeterministic Pushdown Automata (NPDA)- Definition, Moves,
A Language Accepted by NPDA, Deterministic Pushdown Automata
(DPDA) and Deterministic Context free Languages (DCFL), Pushdown
Automata for Context Free Languages, Context Free grammars for
Pushdown Automata, Two stack Pushdown Automata, Pumping
Lemma for CFL, Closure properties of CFL, Decision Problems of
CFL, Programming problems based on the properties of CFLs.

UNIT-5 : TURING MACHINES (5-1 Ato 5-35A)

Basic Turing Machine Model, Representation of Turing Machines,
Language Acceptability ot Turing Machines, Techniques tor Turing
Machine Construction, Modifications of Turing Machine, Turing
Machine as Computer of Integer Functiens, Universal Turing machine,
Linear Bounded Automata, Church’s Thesis, Recursive & Recursively
Fnumerable language, Halting Problem, Post’s Cnrrt‘-ﬁpﬂndmw;:
Problem. Introduction to Recursive Function Theory.

SHORT QUESTIONS (SQ-1Ato SQ-19A)
SOLVED PAPERS (2014-15TO 2018-19) (SP-1A to SP-18A)
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1-1 A (CIT-Sem-4)

1-2 A (CSIT-Sem4) Basic Concept & Automata Theory

PART-1

Introduction to Theory of Computation : Automata, Alphabets,
Symbol, Strings, Formal Languages, Computability and Complexity.

Questions-Answers

Long Answer Type and Medium Answer Type Questions

Que 1.1. l What do you understand by term alphabets and string
in automata theory ? Explain.

Answer I

Alphabet :

1. Analphabet is a finite, non-empty set of a symbol.

2. Asaconvention we use the £ symbol to represent an alphabet. It contains
the first lower letters of the Latin alphabet (a, b ...) or digit such as 0, 1
to represent symbols.

For example :

z=la,b,cl
It is the alphabet composed by the symbolsa, b and c.
String :
1. A string (or word) is a sequence of symbols from some alphabets or
digits.
2. For example, given the alphabet
L= (a,b,c)
We can build several strings using the symbolsa, bandc :
a
abe
aa
abcabcabcabeabe

Que 1.2, l Explain the term language in reference to automata

theory with example.

Answer l
1. Alanguage is set of all strings chosen from some £*, where L is particular
alphabet.

2. IfXisan alphabet and L ¢ ¥* then L is a language over alphabet .

3. Alanguage over ¥ need not include strings with all the symbols of £. So
once we have established that L is a language over X, we also know that
it is a language over any alphabet which is superset of X.
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Theory of Automata & Formal Languages

The only important constraint that can be on language is all strings

should be finite
5 Although they can have an infimte number of strings,
strings drawn fron, one fixed and finite alphabets.

H
but restricted to

For example :
| English words are a set of strings over the alphabets that consist of all

the letters
2 The language of all strings consisting of n 0's followed by n 1's for some

Fi ’U s
lc 01,0011, 000111, |

| The set of strings over 0's and 1's with equal number of 0 and 11s
(¢ 01 10 0011,1010,0101, 1100, ....).

Que 1.3, | Explain arithmetic expression with example.

| An anthmetic expression (AE) is valid combination of input symbols
that are read by computer or human being and able to answer a desired

result
2 The recursive definition may be defined for validity of an arithmetic

expression The definition includes
Any number (positive, negative or zero) is in AE.
b If‘a’isin AE then

i (a)1s also in AE.

u —aisalsoin AE.
¢ If'a’ and ‘b’ are in AE, then the following will also be in AE.

&

L a+b
n a-b
w a*b
wv. a/b

v. a1 bora*" b(Exponentiation)
For example : If I is set of alphabets for a language i.e.
y=1(0,1273,4,5,6,7,89,+,—-*,/,(,)
Then (4 +3) * 2 is a valid expression but
4 +3)* 21is not.

Que 1.4. l Define the grammar.

Answer I

A grammar or phrase-structured grammar is combination of four tuples and
can be represented as G (V, T, P, S). Where,

] Vs finite non-empty set of variables/non-terminals. Generally non-
terminals are represented by capital letters like A, B, C, ...... X Y.z

B LAt

14A(CSNMIT-Sem-4) Basic Concept & Automata Theory

times also represented by &
a b.c.x,y.z. 0. P, yetc
» 3 Where a and {} are

(Vula has at least
ns or production

2 Tisfinite non-empty set of terminals Some
or V_ Generally terminals are represented by
3. Pisfinite set whose elements are in the form a

strings, made up by combination of V and T i
one symbol from V. Elements of P are called productio

rule or rewriting rules.

4. Sisspecial variable/non-terminal known as starting symbol

PART-2

Deterministic Finite Automaton (DFA) : Definition,
Representation, Acceptability of a String and Language.

e ——

Questions-Answers

Long Answer Type and Medium Answer Type Questions

Que 1.5. | What do you understand by Deterministic Finite

Automata (DFA) and how it is represented ?
OR

Define Deterministic Finite Automata (DFA).

Answer
1 AFinite Automata (FA) is said to be deterministic, if corresponding to an
input symbol, there is single resultant state i.e.. there is only one

transition.
9 A deterministic finite automata is set of five tuples and represented as
M=1(Q,Z%,3,q,F

Where,
Q: A non-empty finite set of states present in the finite control

(q[ﬂ q]_‘! QQ’ . "}'
¥ : A non-empty finite set of input symbols.
5: Itis atransition function that takes two arguments, a state and an
input symbol, it returns a single state. The & is represented as
3:Q@*X-Q

g,: Itisstarting state, one of the state in @.
F: It is non-empty set of final states/accepting states from the set
belonging to .

3. Let ‘g’ is the state and ‘a’ be the input symbol passed to the transition
function.
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Theory of Automata & Formal Languages 1-5 A (CSYIT-Sem-4)

e ————— e ——————C—————

':\'q. il ) = N
¢ 1= the output of functa
The graphical representation of transition function is as follows :
O

The state ¢ 1s final state and @18 the starting state,

on. which may be same or new state.

Que l.-t. l Construct a DFA for the language that contains the

strings ending with 0.
Answer I
Let M=(Q, L), q, FbeaDFA
Q= initial state = (g}
=10 1}

F = final state = (g/

Fig. 1.6.1.

Que 1.7. _l Define Deterministic Finite Automata (DFA) and design
a DFA that accepts the binary number whose equivalent is divisible
35 AKTU 2017-18, Marks 07

by 5.

Answer I
DFA : Refer Q. 1.5. Page 1 4A, Unit-1.
Numerical :

Que 1.8 I Draw DFA for following over set Y = {0, 1)

i L=lw:|w|mod3=0)
i L=(w:|wjmod3>1)

Basic Concept & Automata Theory

—_— —— —— o ———— - —

Fig. 1.8.2.

Que 1.9. | Design a FA which accepts set of strings containing

exactly four 1’s in every string over I = (0, 1).

AKTU 2014-15, Marks 06

Answer |
DFA should accept the strings suchas 1111, 0101011. 011011000.....

In this q. is dead state.

Que 1.10. | Design a DFA for the language
L = (w : every run of a’s has either two three).

Answer I
The transition diagram for language
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Theory of Automsta & Formal Languages 1-9 A (CS/TT-Sem-4)

strings that result in a sequence of state transition from

1. The set of all
start state 1o D accepung state.

2 S-olrt-er.:a.:deﬁncLhe!_anguagenfaDFAM=lQ.£.6.qn.F).This
lqu:gezsdemtedb;:bya.anddeﬁnedby

LM = luw/bg, wisin F)

The language of M is the set of strings (w) that take the start state g, to

one of the accepting states. _
4 IfLis LM for some deterministic finite automata, then we say Lis a

-
. ——

:'?F‘....:EI AT CREPT

fad

. PART-3
Non-Deterministic Finite Automaton (NFA).

t Questions-Answers

Long Answer Type and Medium Answer Type Questions

Que L15. | What do you understand by Non-Deterministic Finite
Automata (NFA/NDFA) ? How is it represented ?
Answer '

1 A finite automata is said to be non-deterministic, if there is more than
one possible transition from one state on the same input symbol.

2 A Non-Deterministic Finite Automata is also a set of five tuples and
represented as

M=1Q.%0,q,F) where,
@ : A set of ponp-empty finite states.
Z : A set of non-empty finite input symbols.
g.: Imitial state of NFA and member of Q.

T TR P ¥ WET T SOm———

1-10 A (CSTT-Sem4) Basic Concept & Automata Theory

F: A non-empty finite set of final states and member of @.
5: It is transition function that takes a state from @ and an input
symbol from £ and returns a subset of @ The 5 is represented as
3: Qe (Zuleh)»2¢
3. The graphical representation of 6 1s as follows :
diq,a)_ 9o

Fig. 1.15.1.

Que 'l.lﬁ.-l Construct a NFA for the language L which accept all the
strings in which the third symbol from right end is always a over
z = {a, b). AKTU 2015-16, Marks 10

Answer |

Let NFA be
M=(Q,ZL3d,q,F

The 6 is defined as follows :

Fig. 1.16.1.

Que 1.17. l Design a NFA for the language L which accepts all

strings over (0, 1} that have at least two consecutive 0’s or 1’s.

Answer I
By the analysis it is clear that NFA will accept the strings of the patterns like

00, 11, 101000, 101100, .....
The transition diagram is given by

[ 0.1
S

Fig. 1.17.1.
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- 1-13 A (CNVIT-Sem <) |
Theory of Automata & Formal Languagt : 1-14 A (CSI'T-Sem-4) Basmc Concept l Aul.-t:l_mau Tht:ur-‘.f
““ Define NFA. What are various points of difference Q = 2, i.r.. is the set of all subsets of @,
P - '
l 1 E L] " { Jvlll
. AKTU 2018-19, Marks 10 _= LRSS —
betmnNFAlndDFA' I slg,a)= U, utw(p,ulI'.::rrmut:hnt.nt.m:;rmC.T';m:hmch symbol a in <
———-| FelgeQ|grF, 24
Answer Tnit-1 2. TooMmaina DFAM =1Q. %, 6, q,, F) which accepts the same language as
NFA : Refer Q 1.15, Page 1-9A, Unit-2 given NFAM, = (Q,. 3. ¢, 8,. F) does, we may proceed as follows
3{ DFA Sl Step 1: Imtially @ = ¢.
| ﬁlt stands for non-deterministic finite Step 2: Put [¢',) into @. [¢’) is the initial state of the DFA M
L it etands fur GOTFE ta. Step 3 : Then for each state ¢ in @ do the following
| finite automata. automata
'I'— g - tion is possible More than one transition is possible a. add this new state.
| 2 one trans ) \ :
! from one state to another on !‘mm one ;:;te to another on same b. add g, a)=U,., 8p,a)tos. where the 5 onthe right hand side
| same input symbol. o e is that of NFA M,

[ 3 ITransition function § is Transition function 8 is written as Step 4 : Repeat step 3 till new states are there to add in Q. if there is new
' written as : 5:Qx (T e 27 state found to add in @, the process terminates. All the states of @ that
3:QxI Q@ contain accepting states of M, are accepting states of M.
| 4 |In L‘TFA. transition is not | InNFA, g-transition is possible. —m 5571 Construct DFA equivalent to NFA where & is defined in

possible.
: the following table :

" 5 |DFA cannot be converted | NFA can be converted into DFA. . T 5 )
'. into NFA. Q o(q,a) | e, 5
l A A.B C .
“ﬂl Can we convert a NFA into a DFA ? B A B
—.——1 C*(final state) - ' A.B
Answer
1 Yes. we can convert a NFA into DFA. For every NFA there exists an AKTU 2015-16, Marks 10

equivalent DFA -
2  The equivalence is defined in terms of language acceptance. Since NFA Answer

is nothing but a finite automata in which zero, one or more transition on 8A,a)= (A, B)

an input symbols are permitted. oA, b) = (C)

8(A.B),a)=¥A,a) vdB,a)= A.B)u tA) = (A, B)

3 We can always construct finite automata which will simulate all moves
(A, B). b) = A, b) B, b)=(C)  1B) =1B. O}

of NFA on a particular input symbol in parallel, then get a finite

automata in which there will be exactly one transition on every input 81C.a) = &)
symbol. 8(C, b) = |A, B)
) 5(B. C).a) = &B, a) USC, a) = lA) U [
Que 1.23. I Explain the procedure for converting NFA to equivalent . - (A)
DYA. 5((B. C). b) = (B, b) U &C. b) = (B] U A, B)
j = A, B)
| Let, A-gq,
C-gq,

Procedure for converting NFA to equivalent DFA : (A, B) -
1 LetM =1Q. % ¢, 6,F)beNFA that recognizes the languages L. Then IB' Cl- 3;

the DFA M = |Q‘ e -. b. Fl' that - - 2]
recognizes L qL Rasacasne Wllowning oonditions Transition table for DFA,
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1-26 A (CYIT-S

Theory of Automata & Formal Languages __E‘_“:‘j
————— B 1-26 A (CSIT-Sem-4) Basic Concept & Automata Theory
Q, 18 also initial state. o - i
Let uspassinpulur-ﬂlltuu, » 2

LAY —Laq —=—> Q Que 1.34. | What are various points of difference be ween Moore

we

Output string is @' = 100 which 1's complement ofw=011. and Mealy machine ? Explain the procedure to convert -a Moore
i machine into Mealy machine. |_@§ ms-i'o'_._ Marks 10

erting a Moore machine tq

Que 1.33. l Write the procedure for conv
Answer |

a Mealy machine with an example.
Difference between Moore and Mealy machine :

aly machine. S.No. Moore machine Mealy machine

1 Draw the tabular format of Me i »
2 Put the present states of the _Mnore machine in the present state column 1. | Its output depends only on | Its output depend:’ on t 1:
of constructing Mealy machine. . present state. transition (input) and presen
3 Put the next states of Moore machine for corresponding present states state.
and input combination, in the next state columns of the constructing 9. | Its transition function is | Its transition function is excess
Mealy machine for the same present states and input combination. excess into @ (finite set of | into D (output alphabet).
4 Forthe output, look into the present state column and output column of states).
the Moore m‘achine. The D; e ﬂ:r Q?‘E‘ H;;ztl st:lt:df;oi:s;' Tﬁ?;ﬂtﬁte 3. | If input string is of length n | Ifinput string is of length n then
Qpyesent and input I'GF he conEIcag 9 1y S _the the output string is of length | the output string is of length n.
output of that state (Qy,) as a present statein the given Moore machine, e
Example : Conversion of Moore machine to Mealy machine. : :
Given Moore machine: 4. | At the different input on the | At the different input on the
. : same state, its output is same. | same state, its output 1is
Present state Next state orP different.
“&;UP=0 o7l Procedure to convert a Moore machine into Mealy machine : Refer
4 3 : q, 0 Q. 1.33, Page 1-25A, Unit-1.
% % % 1 Que 1.35.'| Write the procedure for converting Mealy machine to
i %2 s 0 Moore machine with example.
o v &t - Answer
Mealy machine : 1. Draw the tabular format of Mealy machine.
Present state UP=0 P =1 2. Check the next state and output columns of the given Mealy machine.
Next state oP . N 3. Iffor same next state in the next state column, the output differsin the
= - Next state (_VP g output column, break the state g, into different number of states. The
— 3 0 q, 1 number is equal to the number of different outputs associated with g..
9 q 1 q 0 4 Put the states of the present state column in the new table. The states
q, q 0 : which are broken into number of different states put the broken states
s 3 0 in the place of those states.
4 % 0 43 0 5. Change the next states in the next state columns according to the new
set of states.

In the 1 I

cummb::oreumzhme. fulr ¢, as a present state the output is 1. So in the
ing Mealy machine for g, as a next state the output will be 1

In the Moore machine, for q ‘

constructing Mealy Machin:!

6. Put the output from the output column of the original Mealy machine

in the new machine.
as a present state the output is 0. Hence in the 4 :
for g, as a next state the output will be 0. 7. Draw the tabular format of Moore machine.
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8.

9.

10.

11.

———— L —

<tates and next states from the constructed new Mealy
anstructed Moore machine.

o next state and output column of the ney,
o. For the state let g, as a next state in thq

new constructed Mealy machine if OU‘tPUt is 0 thﬁ“tf”r_l?.bzsoﬂ Present
ctate in the constructing Moore machine; the UUt}fU wl :

For Moore machine the output depen':’ls only on the p:‘esent state. Thig
means from the beginning state for e-input we can get an ﬂtutput. If the
output is 1, the new constructed Moore machine can hiacce pt zero lengt),
string, which was not accepted by given Mealy machine.

To make the Moore machine does not accept e-string, we ha"fre to a‘ild an
extra state g, (new beginning state), “:'hﬂ'se state transactmm? will be
identical with those of the existing beginning state but output is 0,

_ P
——————

Put the present
machine to the cons
For output check th -
constructed Mealy machin

Example : Conversion of Mealy machine to Moore machine.
Given Mealy machine:
Present state /P=0 P=1
Next state| OP Next state | O/P
| % 9o 1 q, 0
9 4y 1 q, 1
q, 9, 1 q, 1
aq, q, 0 q, 1

Check the next state and output columns of the given Mealy machine,
For I/P 0 for g, as a next state output is 1. For I/P 1for g, as a next state
output is 0. Same thing happens for g, as a next state for input 0 and
input 1. So the state g, will be broken as g,, and q,, and the state q, will
be broken as ¢, and g,,. After breaking the modified Mealy machine
will be .

Present state IP=0 P=1 ]
Next state | O/P Next state| O/P
9 9o 1 Q% 0 i
L % L 2 1
9 q, 1 q, 1
920 9, 1 q,, 1
T I %, 1
u 920 2 2 1

?‘nr present state 9, forinput 1 the next state will be q,, because there
15nog, in t_he modified Mealy machine. It has been hrnlﬂen into g,, and
q,, depending on the output 0 and 1, respectively. 3

1-28 A (CS/1T-Sem-4)

Basic Concept & Automata Theory

From this the Moore machine will be

Present state | Next state
UP=0 l yP=1 | OF
=>4 q, T - . T 0
@10 q, q, 1
95 q, q, 1
920 q,, 45, 1
d23 91 Qs 1
q, Q0 q, 1

For Moore machine beginning states g, and the output is 1. That means
with null length input (no input) we are getting an output 1. Therefore,
the Moore machine accepts 0 length sequence which is not acceptable
for mealy machine. To overcome this situation we must add a new
beginning state ¢, with same transactions as ¢, but output 0. By
including the new state the Moore machine will be :

Moore machine: -

Present state Next state
IP=0 | I/P=1 opP

T q, @10 0

95 5 50 1

@50 q, 9y 0

9y q, 9, 1

T2 , 92 0

921 q1 T2 1

a5 20 s 1

Que 1.36. | Describe Mealy and Moore machines with example.
Convert the given Mealy machine as shown in Fig. 1.36.1 into Moore

machine.

L g
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AKTU 2017-18, Marks 07

1-29 A (CS/T-Sem.y)

Mealy machine : Refer Q. 1.31, Page 1-23A, Unit-1.
Moore machine : Refer Q. 1.29, Page 1-21A, Unit-1.
Numerical :

L
2

Let us convert the transition diagram into the transition Table 1.36.1.
For the given problem : g, is not associated with any output; g, is
associated with two different outputs Z, and Z,; g, 1s associated with
two different outputs Z and Z,.

Thus we must split g, intog,, and g,, with outputs Z, and Z, respectively
and g, into g, and g, with outputs Z and Z,, respectively. Table 1.36.1
may be reconstructed as Table 1.36.2.

Table 1.36.1. Transition table

Present state Next state
a=0 a=1.
state output | state output
— QI : qz Zl q3 zl
q, q, Z2 q, Z]
QJ qQ Zl ql z2

Table 1.36.2. Transition table of Moore machine

z=0 a=1
zl
22
Zl
Zﬂ

1-30 A (CS/IT-Sem-4)

Basic Concept & Automata Theory

Fig. 1.36.1 gives the transition diagram of the required Moore
machine.

Fig. 1.36.1. Moore machine.

PART-6

Minimization of Finite Automata, Myhill-Nerode
Theorem, Simulation of DFA and NFA.

Questions-Answers

Long Answer Type and Medium Answer Type Questions

Que 1.37. | What is the need of minimization of finite automata ?

Answer |

1.
2.

3.
4.

5.

6.

The language (regular expression) produced by a DFA is always unique.
However, the reverse, i.e., a language produces a unique DFA is not
true.

Hence for a given language there may be different DFAs.

By minimizing we can get a minimized DFA with minimum number of
states and transitions which produces that particular language.

DFA determines how computers manipulate regular languages
(expressions). DFA size determines space/time efficiency.

Hence from a DFA with minimized states need less time to manipulate
_a regular expression.

Que 1.37. | Define dead state, inaccessible state, equivalent state,

distinguishable state and k-equivalence in case of finite automata.

Answer |

1.

Dead state : A state g, is called dead state if g is not a final state and for
all the inputs to this state the transitions confined to that state. In

mathematical notation, we can denote g € F and (g, %) g,

k!
4 ]
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o

o theorem gives yet another charactenization of regy],,
nvolves the construction of minimal automag,

technique in its own right.

Theory of Automata & Formal Languages

The Myhill-Nerod
languages. Its proof i
which is an important
Proof: N )
1. Any equivalence relation R satisfying 2 could be shu@ is a refinemeny
; alence class of R is entirely contained j,

of R, that means, every equiv :
some equivalence class of R, . This way, the index of R, cannot be great

than the index of R and therefore, it 1s finite.
Let us assume that uRv. Since R is right invariant, then forevery w € ¥, wa

have uwRvw, and therefore, uR,v. Thus, R is a refinement of uR L.
We first prove that R, is right invariant. Let us assume that uR, v. For
any y € I* we must show that uyR,vy, that means, for any
z € I*, uyz € L & vyz e L. But this follows from the definition of R, in 3,
if we put w = yz.

4  Wenow construct a DFA A, accepting L. The basic technique is to use
states as the equivalence classes of R, (of which there is only a finite

number). So,

A, =1QX3, g, N =lwl,, |w e £%, g, 3, F,.) we put

L g, =lely

i ForallweX* aeXandj,, ([wl,,a)=|wal,

m F, =(wl, |wel

We first have to show that this is well-defined, especially that (/) makes

sense, that is, the definition of §,,, is independent of the choice of

reprgsentative w of the equivalence class [w],,. So we have to show

that if wR,v, then (w],, =5, (lwl,,, a) =3,,, [v],,, a) = [va] . But if

wR v, then waR va because R, is right-invariant, tﬁérefure

[u:.-a] e = lval,,. So 8,y is well-defined.

6. Finally, we have to show that L = L(A,,). This follows from
?J‘m ([elg,, w) = [w], , where E(g, x) = £ - closure (8(¢, x)) and & — closure (q)
is set of all states reachable from g on input . ;

Q‘uful.l How Myhill-Nerode theorem can be applied in
minimizing a DFA ?

=

S = - - 0
Dt;;alt tl?eulﬂeft mﬁ;ﬁiﬁfnﬂm matrix labelled by the states of the given
e, ] 1 i
gm Al St it e major dlag?na] and the upper triangular
tep 2:One of the thr :
i ee symbols, X, x or 0 will be put in the locations where

a. Mark 1 at P, qi .
, ¢ 1in lower t :
non-final state. nangular part such thﬂtp 18 final state and Q1s

b. Make distingui i i
- numt:l:fgumhed pPair combination of the non-final states. Ifthere are
: non-final states there will be nC at 1
Ao » number of distinguished
Tak i ‘
o ;!lf:ffﬁ' q; a}?d find (r, 5), such that r = o(p,a) and s = §(q, a). If i
»S)thereis X or x, in the place of (p, ) ther; wﬁi cl;éx .

=)

i

1-34 A (CSIT-Sem-+4) Basic Concept & Automata Theory

—_—

c. If(r,s)is neither X nor x, then (p, ¢) will be 0.
d. Repeat b and c for final states also.
Step 3 : The combination of states where there is 0, they will

the minimized machine.

be the states of

Que 1.42. | Minimize the automata given below

AKTU 2016-17, Marks 7.5
Answer _l
DFA minimization using equivalence theorem :
Transition table of DFA :
q 5(q,0) 3(gq,
a b c
b a d
¢ e f
d e f
e, e f.
f f f
Let us apply the equivalence theorem to the given DFA : :
P, = {(c, d,e), (a, b,
PI. = {{C, dl E]f (ﬂ‘l b)r (ﬂ}
Pﬂ = {{ci dr E)v (ﬂ, b)'i (f}}
Hence, P =P, ;
There are three states in the reduced DFA. The reduced DFA is as

follows :
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& 0 1
- p (S q
q r q.r
s | p
'S 9 p

Ans. Refer Q. 1.25.

Q.7. Describe Mealy and Moore machines with example. Convery
the given Mealy machine as shown in Fig. 1 into Moore

. machine.

—(q]
1/Z,

1/Z,
Fig. 1.

Ans. Refer Q. 1.36.

Q.8. Minimize the automata given below

Ang Refer Q. 1.42.
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Regular Expressions and L-‘-lngu%

2-8 A (CVIT-Sem-4)
L ———————————— ﬁ\\
| (1+10)* Theory of Automata & Formal Languages 2-9A (CSIT-Sem-4)
Step 4: —h@* .
Answer
. rl = (00*1)*1
Set of string = (1,011, 0011, 00011, 010101011, ...}
| ry=1+0(0+10)* 11
Step 5 Set of string = (1,011, 0011, 01011, 010101011,...}
Since both regular expressions produce same set of string
SD, r'] = r2
!“.
k PART-3
1  Finite Automata and Regular Expression : Arden’s Tfumm,‘
Fig. 2.10.1. 8 Algebraic Method Using Arden’s Theorem.
Que 2.11. I Write the regular expression for the language containing
the strings over (0, 1) in which there are at least two occurrences gof _ ' Questions-Answers
I's between any two occurrences of 0’s. : <
Long Answer Type and Medium Answer Type Questions
[ARTU 201415, Marks 1g] i

Answer'

If (11)* 0 (11)* it means that one 0 between even 1.

Que 2.14. I State and prove Arden’s theorem. Explain its application.

Regular expression will be : oY I
r=(0(11)* 0 (11) * 0)* IERZS
. Arden’s theorem : Let P and @ are two regular expression over alphabet L.
e 2121 g ¢
Qu l Write regular expressions for each of the following P does not contain null string ¢. Then equation R = @ + RP has a unique
!lng';l‘;ges over the alphabet (0, 1) ; solution given by
L e set of all string in which SN . - R =Q.P*
p before any pair of ﬂtiiace::t :::E pair of adjacent zem’s. appeat Proof : Let us consider the equation R = @ + RP 2.14.1)
1. The set of al] strings not containing 101 as substring. | Pukyaue gLt equatin; {_254;1(),;2 + RP)P (2.14.2)
"""’" ' Put value of R in equation (2.14.2)
times. Therefore the regul ./ Inay exists zero, one, two, ... When we put the value of R again and again we get the following equation :
oo willbe R=Q+QP+QP*+ QP+ .. ~
IL When we analyse the A Ofs:rj it R=Q(e+P+ PP+ Po+...) [Since e +a +a* +... =a"]
may start with ‘0’ and o' may be rﬂgs then it becomes clear that string & R=0Q.P* [By definition of closure operation for regular expression|
then no single 0 m ust fo]]g:l?eamd' W}{EI‘EVEI- one is encountered Application :
000001111001001, It so strings are like 00000 10, 1. Arden’s theorem is used to determine the regular expression represented
RE is = (9*1%gg T by transition diagram.

2. There are following assumptions corresponding to transition diagram :

Que 2.13.
13. | Let r, and The transition system should not have any e-move.

ry, be two 2 a.
o regular expressions defined as b. It has only one starting state.
r, = (00%])# ; c. The vertices are q,, g, @y, «++++ q,-
Prove that rI S )*1and r, = 1+0(0+10)*11 d. R, isthe regular expression representing the set of string accepted
| b e i

by the transition system, if g is the final state.

Scanned by TapScanner



Scanned by TapScanner



Roegular Expressions and Languagy,
—— e —

2-12 A (CT-Sem-4)

Answer |

Recursive definition o

¢ regular expression : Refer Q. 2.1, Page 2-9 A,

Unit-2
Numerical : Ry P -(2.17.))
g, =q0+ 40 +(2.17.9)
e +(2.17.3)

q, =Gl * g,1 +‘q,l
Put the value of g, and g, in equation [2.:7.3] :

q, = g,1 + (g0 + q,0)1+ t,;f12
=q,] +q,01+ q,01 + ¢, :
= q,1 +q, 01+ (g0 +¢,0) 01 + g,
=q,l +q01+ q,001 + q,001+gq,1
=q,(1+01+ 001) + ¢,001 + ¢,1
=q,(1+ 01 + 001) + (g,0 + q,00001 + g,1
=q,(1+ 01 + 001) + ¢,0001 + q,0001 + q,1

If we solve further we get g, in every step. So, we cannot find the value of

g, in term of g,.
Hence, question cannot be solved.

Que 2.18. | Explain the condition in which two machines M, and M,

are said to be equivalent. Show that the following automatas are
not equivalent.

1 1 1 0
——Q‘E B =t ."’
(a)

Fig. 2.18.1.

AKTU 2014-15, Marks 05

Answer _l

Comparison method :

1. Let M and M be two finite automata over . We construct a comparison
table consisting of n + 1 columns, where n is the number of input
symbols.

2. The first column consists of pairs of vertices of the form (g, g'), where
geM andg e M,

3. IUig, ¢') appears in some row of the first column, then the corresponding
entry in the a-column (a € £) is (g,,q."), where g,and ¢’ are reachable
from ¢ and ¢, respectively on application of a (i.e., by a:paths].

4. The comparison table is constructed by starting with the pair of initial
veriees g, ¢’ of M and M, in the first column.

The ﬁrat elements in the subsequent columns are (g, q'), where g

and ¢ _are reachable by a-paths from q,andgq’ . R '

6 W:peat the construction by considering the pairs in the second and
fubsequent columns which are not in the first column.

Ty |

e

Theory of Automata & Formal Languages

2-13 A (CS/TT-Sem-4)

7. The row-wise construction is repeated. There are two cases

Case 1:If we reach a pair (¢, ¢',) such that ¢ is a final state of M,, and ¢’_ is
a non-final state of M, or vice versa, we terminate the construction and
conclude that M, and M, are not equivalent.

Case 2 : Here the construction is terminated when no new element appears

in the second and subsequent columns which are not in the first column
(i.e., when all the elements in the second and subsequent columns appear

in the first column). In this case we conclude that M, and M, are equivalent.
Numerical :

Let M, and M, be the following automatas -

q, 92 Q4 95 s P

- | Fig.2.18.2. 2

The initial states in M, and M, are ¢, and g, respectively.

Hence, the first element of the first column in the comparison table must be

(q,,9q,)-
Table 2.18.1.

(q,9") (q,, 9, (q,,q",)
(ql, q‘) (qzl q5) (qzi qs)
(g, q5) - (g, q,)

As g, is final state in M| and g, is non-final state in M,, so M, and M, are not
equivalent.

2. In Fig. 2.19.2(a) the NFA accept all string which is combination of
alphabets
£=1{0,1)
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e ———— e ——— g ‘"“m‘ﬂkﬁ
3 In Fig. 2.19.2(b) the NFA has e-move and we know that ¢.qp,. . e
null transition. So we can consider state A, A and A ag g Dsitigy, |
4 ame K1 -"LH
A and we get ate,
’ n'., 1 L
Fig. 2.19.3.
4.  Sothe given NFAs (Fig. 2. 19.1) accept same language,
(PART-4
Regular and Non-Regular Languages :
Closure Properties of Regular Languages.
RN " T
B
Questions-Answers
Long Answer Type and Medium Answer Type QueﬂtiOHT
s — i P

Que 2.20. ‘ Prove that the language L, and L, are closed ung,
r
intersection and complementation if they are regular,

Answer I

Intersection :
lf L ﬂ.n{ I..« ' ¥ W .
cand L, arc regular languages, then L, N L, is also regular language. In

other words the set of the regular language is closed under intersection
Proof : By De-Morgan's law for sets of any kind (regular languages or nﬂ't} :
Ll f‘\L.‘{: {Ll -+ Lz]
'I:hi.wj can be justify by the Venn diagrams as follows :
So. it is clear from Fig. 2.20.1(a) and Fig. 2.20.1(b) that
L'l M L"2 = (!11 '*-' 1’..!2]
Because L, and L, are regular so L; and L, are regular. So is L +Ly.And

regular.
S
1. IIT 3
i.I.] 4 l.._!_I l:1 m L2
(a) Fig. 2.20.1. (b)

T S O e =

‘; 'S I'H"‘)
Theory of Automata & Formal Languages _'2—15A {(.J?IT e
Cnmplomentntlﬂn -
er words,

gular then complement of L thatis L

IfLisre
d under compleme

the set of regular languages is close

pProof: _ FA
1. Toshow closure under tnmp]enwntnt ion, let M = (Q.2, 0 4o Fibe D

(hat accepts L, then DIFA accepts L.
- D - F)
M =(Q,2, 0 9o @ me of the states of FA are

In DFA M accepts the language L in which so
final states and some are not.
3. InDFA M status of each state 1s reversed, that 1s if it is final state, make
it a non-final state, and if it is non-final state, make it a final state.
4. Ifaninput string formally ended 1n a non-final state, it NOW ends n &
final state and vice versa.
accepted by the

strings that were not

cts all the input strings that the
hine accepts exactly

5. This new machine accepts all input

original FA (all the stringsin L )and reje
FA used to accept (the stringsinL). Therefore, mac

the language L . So, I is also regular language.

r false.

_(iue 2.21. | State whether following statement is true o

Justify your answer :
If L and M are non-regular lan

and M is also non-regular.
If L and M are regular languages

language.

i guages then intersection of L
ii. then L - M is also regular

Answer
i. True
Proof : Let L and M are two non-regular language.
The intersection of L and M is represented by L M M.

By De-Morgan’s law LnM= “fn_rﬁ-—_!
We know that complement of a non-regular language 1s non-regular
and union of two non-regular languages 1s non-regular. Therefore

LuM 18 non-regular.

Here L ~ M is non-regular language.
True

Proof L, ~L,=L A L,

[Replace L, by L and L, by M)]
We know that complement of a regular language is regular and we also

know that the intersection of two regular languages is regular.

Hence, L, n L, will be regular.
Therefore L, —L,1s regular.

s
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m Prove that the com

hnmnmnrphism.

Answer |

L

2

" Regular languages are closed under inverse homomorphism,

Regular Expressions and Langy, .
§
—

plement, homomorphism and inverg,
gular language is regular.,

closure of a re

ar langu
geg;:m Page 2-14A, Unit-2.
Regular languages
a regular language
regular :
Proof:
We will use the representatio
expressions to prove this:
Let E be the regular expression for L.
Apply A to each symbol in E.
Language of resulting RE is h(L).
Example:
Let h(0)=ab; h(1) =&.
Let L be the language of regular expression 01* + 10*.
Then h(L) is the language of regular expression abe* + e(ab)*.
abe* + clab)* can be simplified. |
g* = ¢, so abe* =abe.
¢ is the identity under concatenation i.e., £ = Ee = E for any RE E.
Thus, abe* + s(ab)* = abe + e(ab)* = ab + (ab)*.
Finally, L{ab) is contained in L((ab)*), so a RE for (L) is (ab)*.

i.e., if L is regular and h is a homomorphism then A-'(L) is
regular :
Proof:
a. We will use the representation of re '
-5 e gular languages in terms of
Start with a DFA A for L.
b. :ﬂ!{f}ﬂlven a DFA M recognizing L, construct a DFA M’ that accepts
m:; atiFA B fnfll';:ai !(L) with the same set of states, the same
. , the same states and input alphabet ymbo
;hhlch hmin?morphism h applies). : 5 ok "3
3 aiu:l tl‘:::}tmna l:'::rB are computed by applying A to an input symbol
ing where A would go on sequence of input symbols /(a).

Formally, 5,(¢,a) =8 (g, h
E ple : B 4\9s (ﬂ})

L

YRR e ——— |

AKTU 2016-17, m P

ages are closed under complementation ; Refor

are closed under homo‘morphism, i, ifLig
and h isa homomorphism, then (L) is a)g,

n of regular languages in terms of regyla,

e act SRR b

T Y T Y, A ¥

N e

Theory of Automata & Formal Languages 2-17 A (CS/IT-Sem-4)

l Since
hil)=¢

intersection, complement of regular languages.

L ‘i v " Y- B TR S
AKTU 2017-18, Mark
e i e S "' s IR S F e .

Answer
Union : If L1 and if L2 are two regular languages, their union
L1 v L2 will also be regular.

For example :

Let L1 ={a"|n >0} and L2 = {b"|n 2 0]}

L3 =L1uUL2={a"ub"|n20}isalso regular.

Concatenation : If L1 and if L2 are two regular languages, their
concatenation L1.L2 will also be regular.

For example :

Let L1 = {(a"|n>0) and L2 = (6" |n 2 0]

1.3=L1.L2={a™.b"|m 20 andn 20} is also regular.

Intersection : If L1 and if L2 are two regular languages, their intersection
L1 ~ L2 will also be regular.

For example :
Let L1 ={a”‘b"|n20andm20}andL2= [a"‘b"ub"a"'|nzﬁandm201

L3=L1nL2={a‘“b"|n20andm30}isalsuregular. :
Complement : If L(G) is regular language, its complement L'(G) will falsa
be regular. Complement of a language can be found by subtracting strings

which are in L(G) from all possible strings. For example :
L(G) = [a"|n > 3}
L'(G) = {a"|n <=3]

Scanned by TapScanner




2-18A
(VaSencl) Regular Expressions and [,
an

Buage,

p—_

—

Questions-Answers aRT

ons

|

—

- __--_--‘-“\
Que 2.24.| Write short note on Pigeonhole principle

Answer |

figeonhnle principle:
. It states that “If n pi -
: pigeons are assigned to m pi
one pigeonhole contains two or more pigennsﬁiezr:ﬁfles then at Jegg

2. The pigeonhole principle i i :
Proof: principle is sometime useful in counting methods

;: IBf,-t m Pigenn_hnles be pumbered with the numbers 1 through m
eginning W]t!'l the pigeon 1, each pigeon is assigned in ord .
: ggeumules with the same number. °r ke
: ince m < n i.e., the number of pigeonhole i
_ : is less than the
%hgeons. n —m pigeons are left without having assigned a pi;;;zll:e ; P
= us, at least one plgennhule will be assigned to a more than one pj e
: e note th%lt the pigeonhole principle tells us nothing about llJllgenn,
: It:ca;;a the pigeonhole that contains two or more pigeons g
: only asserts the existence of a pi ining
o ce of a pigeon hole containing two or more
7. To apply the principle one has t ' ' ]
o decide which objects will play th
_ ( ‘ : e
of pigeon and which objects will play the role of pigennhoI:s. e

Que2.25.| State and prove the pumping lemma for regular
language. '

o

1. PumpingLe I ing’ i
regufalll:g mma 1s a powerful tool for proving certain language non-

A (i 5!150 useful 1n the dq_avelupment of algorithm to answer certain
questions concerning, finite automata, such as whether the language
S accepted by a given FA is finite or infinite.
(w?;":l?snt - I:ft L be a regular language. Then there exist a constant n
sh ;fen Sb OI;kL) such that for every string w in L, such that
, We c ' i *
: ; G an break w into three substrings, w = xyz, such that :
2. |xyl<n
g.h I'.‘nr all i >0, the string xy‘z is also in L.
at 1s we always find a non-empty string y not too far from the beginning

of w that can be “pumped”; that i a
. : ’ 1s repeating y an :
the resulting string in the language. y:anynumber of times keeps

Theory of Automata & Formal Languages 2-19 A (CS/IT-Sem-4)
Proof :
1. Suppose Lis regular. Then L = L(M) for some DFA, M. Suppose M has

n states.
9. Now, consider any string w of length n or moOre€ Let

W= Gy, Agye-ee Gy where m > n and each @, is an input symbol. for = 0,

1. 2,..., m define state p , to be 5 (qq, @105 ---a,). where & is the transition

function of M, and g, is the start state of M. That is p, is the state, Ms

in after reading the first i symbols of w. :
3. Bythe Pigeonhole principle, it is not possible for the n + 1 different p =

fori=0. 1, ...n to be distinct, since there are only n different states
4. Thus we can find two different integers i and j, with 0 <i<j<n, such

that p, = p,- Now we can break w = xyz as follows .

1. x=a,a,-.- 4 2. ¥Y=0., 18;.3-—0;

3. 2=0,,19,2:% : g
That is x takes us to p, once; y takes us from p, back to p, (sincep, 15 also
p.), and z is balance of w.

5. The relationship among the strings and states are discussed 1n

Fig. 2.25.1.
Y— &+ a_]
"_‘."i'L i Dagt =31 %42 Tm @
Fig. 2.25.1.

x may be empty, in the case that i = 0. Also, z may be empty ifj=n=m.
However y cannot be empty, since i is strictly less than .

6. Now consider what happens if the automaton M receives xy = for any
i > 0. If i = 0, then automaton M goes from the start state g, to P on
input x. Since p, is also p, it must be that M goes from p, to the
accepting state in Fig. 2.20.2 on input z. Thus, in accepts x=.

7. Ifi> 0, then M goes from p, to p, on input string x, circles from p, to p..
i times on input y,, and then goes to the accepting state on mnput 2.
Thus, for any i >0, xy'z is also accepted by M; that is, xy' z1s in L.

Que 2.2£l Explain the application of pumping lemma.

Answer

Application of the pumping lemma are :

The pumping lemma is extremely useful in proving that certain sets are
non-regular. The general steps in its application are :

Step 1 : Assume L is aregular. Let n be the number of states in corresponding
FA

Step 2 : Choose a string w such that |w|=n. Use pumping lemma to write
w = xyz, with |yz|<n and |y| > n.

Step 3 : Find a suitable integer such that xy'z ¢ L. This contradicts our

assumption. Hence, L 1s not regular.
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emma for regular languag“' U

State pumping :
rove that

positive integers and

. m#n)
= 1" |...ndnllﬂ'

Cugn £ .= 0001111 €L

s _ wow then if we pump some string to maj,

. umping lemma if z = ]
‘:Bzfx‘zrthenif . ¢ L then such a language 1S called regular.
Let
r=0Q011L1
I 4 l
g StV

w |

ifz=ur;‘wandifi=2t.henz=uuvw
z=0 (0011001111

o
| I J l
u v v w
»=03120%214z 0™ 1% ¢ L

Assume L ¢ z such that
z= 0 &2' 01 1_11'__1 11
R l
= _ : u v w
y pumping lemma, z = uv'w € L for a regular language. If i = 2 then

Z= uvow

z=0 0
SO R
ML Sl I

u v v w

- 0615
g S5 s z= 0°1° € 0™ 1" because m = n.
these cases, we get z ¢ L. Thus our assumption of L being regular is

Heme' iven language
— Hig (L =0"1"|m # n) is not regular.

« | Prove that
the language L = (0" |n is prime) is not regular.

State Pumping Le a’
ping Lemma for regular gets, Show that the set L = (a”|

P is aprime) is not regular, [ARTGBATE

. J Zi) ‘*PPW-F' P el oy \
————— v ?"“l Jy . ”ff*" 8: lvliarhk

e i g e -
Sl e s

- -
- 1]

o TRE

A

——-—-———

® e ol B
.

[ -]
R ‘m“mw

Theory of Automata & Formal Languages 2-21 A (CS/IT-Bem-4)

—

Pumping lemma : Refer Q. 2.25, Page 2-18A, Unit-2.

Numerical :
Step 1: We suppose L is regular, Let g be the number of states in the fi

automaton accepting L.
Step 2 : Let p be a prime number greater than p. Let w = a%. By pumping
lemma, w can be written as w = xyz, with |xy | <gand|y|>0.%, 7,2 are
simply strings of @’s. So, y = a™ for some m = 1 (and <q).
Step3:Leti=p+ 1. Then |xyiz|= |xyz| + |y |=p+ (G—-1m=p+P7: By
pumping lemmg,xy*z e L.But |xy'’z|=p +pm =p(1+m), and p(1+ m)is not
a prime. So, xy'z € L. This is a contradiction. Thus, L is not regular.

E ue 2.29. I Prove that following are not regular languages :

i. (0"|nis perfect square).
ii. The set of strings of form 0 1! such that the greatest common

divisor of i and j is 1.

nite

OR
gular languages prove that language

AKTU 2018-19, Marks 10

Using Pumping lemma for re

L = 0™ ,n >=1is not regular.

Answer
i. (0"|nis perfect square).
1. Let us suppose L be a regular, let p be a constant provided by
pumping lemma. Let w be the string of 0~
9 This string is in L and its length is at least p.
|xy| <pandy #éeand each xy*z also in L.
3. Since |xy| <p,y consists of no more than p 0's and y # & , so there
is at least one ‘0’ in y.
Now choose % to be 2 and the resulting string is xyyz.
We have to prove that the length of xyyz is not perfect square. In
fact we have to show that it lies most strictly in between two
consecutive perfect squares, namely p? and (p — 1)%.
6. Let ‘g’ stand for length of y. Then the length of xyyz is p* + q. So
- pt<p?+qg<(p+ 1)
7 The first inequality holds since g > 0. For second inequality, we
compute (p + 1)*=p*+2p +1> p*+q.Since g <p, therefore xyyz is
not in L.
8. This contradicts the pumping lemma, so our assumption, that ‘L’ is
resular is incorrect.
ii. LetL =0V such that ged (i,)) = 1.
We assume that this is a regular language. Now consider three cases
J

1
Case 1: Let z=5—"‘-—(+}I vl—"—ibeastringeL.

According to pumping lemma if z = uvw is a string € L, then z = uv'w,
e L.

So we can write

U
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Thﬂt means even lf we pun“) some SUbStT] ng thﬂ' Stringz e L ']‘hp"r}.l‘ of Autnmntﬂ & Forma Anguages - i npgriygeion i
) Qi se i ich v consists of : e o
' » = yvw as thisis a case in whic of substy _—_ , : o
We map . ifi =2,z = uvow ing {]"1.. 8. Theclaimis established, so xyyz is not in L. 4ssumption, that

z=uv'w ' _ .
loTmA This contradicts the pumping lemma, so our original

y umping
i > = 0'-™OD™/ ™ ¢L =0 1/) & sgular is not incorrect
Th(‘l'l we gct &= = l L« was r{,gu- " : )
-—"L *'_'j—‘ “Que 2.31. l Explain decision problem and decidability properties in
- 0% ca0iod i oresl 8L
Case 2: Let, . . - Y - / regular Ian_guﬂﬂﬂ'*
By pumping lemma z = uv'w. If i = 2 then, -Knswer |
AT O 1 Adecision problem is a restricted type of an algorithmic problem where
SO0N04:0 1.1 O h input there are only two possible outputs.
Z = or each inp : : N
AT ST 9 Adecision problem is a function that associates with each input instance
zZ = uvovw ' of the problem a truth value true or false. th
e z=0""1 : 3. A decision algerithm is an algorithm that computes the correct tr; .
But ged (i+m, ) # 1. " yvalue for each input instance of a decision problem. The algorithm has
; = * to terminate on all inputs. % , :
g el 4 ; decision problem is decidable if there exists a decision algorithm for it.
Case 3: Let, ' - " Otherwise it is undecidable.
L J Decidability properties of regular languages : S
g = m li_J_l‘ L. DFA membership:Let M=(Q,%,35,q, F) denote a_determmlstlc ﬁmte;
g 5 oW | | automaton and x is a sequence of finite-domain variables (x1,x2,..., -rﬂ.
By pumping lemma, z = uv'w. If i = 2-then, i with respective domains D1, D2, ..., Dn c £. Under a regular language
R ’z - uuuu; membership constraint regular (x, M), any sequence of vaiueg tak;n;}f
ie. > = () /*m ? the variables of x must l?elnr}g to the reguli.u* Iangu‘age recnﬁzedin{tiai
But ged (i, j+m) # 1. : 2. DFA en;‘pt:jniss : DFA is said to be empty if there is no path from
- (O 1V state to final state. i
S el lls o D=1 3. DFA equivalence:LetM,=(Q,X,5,q, P and M,=(Q,X,¥,q,, F)are
From these 3 cases, we can prove that L = 0'V | ged(z, ) = 11s not a regula : two DFA. M, and M, are said to be equivalent if and only 13
language. ; L(M)) = L(M,).

4. DFA finiteness: Let M =(Q, Z, 8, q,, F) be a DFA. String accept by M is
said to be finite if and only if there is no cycle between any two state

Que 2.30. | Prove that the language L = (0" |n is perfect cube) isnot

regular. AKTU 2014-15, Marks 05| q,and g,.
Answer | _ VERY IMPORTANT QUESTIONS
1. Letusassume Lis regular, let p be a constant provided by the pumping
lemma. ' Following questions are very important. These questions
2. Let w be the string 0/, This stringis in L, and is of length at least p.So may be asked in your SESSIONALS as well as
w can be written as xyz with |xy |<p and y not &. UNIVERSITY EXAMINATION.

3. Pumping lemma states that ifxyz € L then xy*z also in L. y containsat
least one 0 in y since y is not ¢.

4. Let us assume for k = 2, the resulting string is xyyz. Q.1. State and prove Kleene’s theorem with example.
5. We have to show that the length of xyyz is not a perfect cube. Let g be Ans. Refer Q. 2.7.
th ! h [ 3 3 -~ F . .
e length of y, then the length of xyyzis p* + ¢. Q.2. State and prove Arden’s theorem. Explain its application.

6. Soit suffices to show that p® < p? + g < (p + 1)%. The first inequality holds
since ¢ > 0 (since y was not ). | -

7. For second inequality, we compute (p + 1)* = p* + 3p* + 3p + 1, and this
is greater than p® + ¢ since g < p (since |xy | < p). '

Ans. Refer Q. 2.14,
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Regular and Non-regular Gp

3 9A (CSIT-Sem4) o
PART-1 _
Context Free Grammar (CFG) : Definition, Derivations,
Questions-Answers 14

mw Type and Medim Mer Type Quesﬁo;u

Que3.1. I What is context free grammar (CFG) ? Explain.

Answer l

1 ACFG describes a language by recursive rules called productionsg

5  ACFG can be described as a combination of four tuple and represep,
by GV, T, P,S).

where, i
V - set of variables or non-terminal represented by A, B, ...., Y, Z, i

T : set of terminals represented by a, b, ¢, ...... X, y, 2 =
— % () ete.
S :  starting symbol.
P : set of productions. g
3. The production used in CFG must be in the form of A — a, where 4 js,*
" variable and a is string of symbols (V U T)*. :
4 The example of CGF is:
G=(V,T,P,S) where V=(E), T=(+,%,(,),id
S = (E} and production P is given as
P.[E-E+EE->E *x E,E— (E), E > id)

Que 3.2. | Give an example of CFG for arithmetic expressions.

Answer l

1 Anexample grammar that generates strings representing arithmetit i :
*,/,and numbers as operand:

Y

<expressio '
ce:;-esg' n> - number _b. <expression> — (<expression>)
10N> = <expression> + <expression>

2 : .
€xpression> — <expression> — <expression>

<ex ' 1
Pression> — <expression> % <expression>

f. <e ] '
Xpression> — <expression> / <expression>

Theory of Automata & Formal Languages

3-3 A (CS/TT-Sem-4)

3.

The first rule (or production) states that an <expression> can be rewritten
as (or replaced by) a number. In other words, a number is a valid
expression.

The second rule says that an <expression> enclosed in parentheses is
also an <expression>. This rule defines an expression in terms of
expressions, an example of the use of recursion in the definition of CFG.
The remaining rules say that the sum, difference, product, or division of
two <expression> is also an expression.

Que 3.3. -I How derivation is defined in CFG ?

Answer I

1.

2.
3.

A derivation is a sequence of tokens that is used to find out whether a
sequence of string is generating valid statement or not.
We can define the notations to represent a derivation.

First we define two notations :G'> and =G> :

If a » P is a production of P in CFG and a and b are strings in
(V.U V)*, then

aab = afb. ‘
We say that the production a — B is applied to the string aab to obtain

afb or we say that aab directly drives apb.
Now suppose @, ,, &, ..., & are string in (V, U V)%,
m21and a, = 0y, Gy > Oy, Oy = Cpy wony Gy = a,.

Then we say that a, — o, ,ie., wesaya, drivesa_ in grammar G. If a
G

drives by exactly i steps, we say a,= B.

Que 3.4. | Construct a CFG for the language

yer=sr

18
2.
3.
4.
5.

6.

7

L = (wCw?® | we (a,b)*).

w isa string of any combination of a and b. 3 \
Hence, w* is also a string of any combination of @ and b, but it is a string

which is the reverse of w.

C is a terminal symbol like a, b. -
Hence, if we take Casa mirror, we will be able to see the reflection of w

in the w?® part. Like C, abCba, abbaCabba like this. '
It means there is some generating symbol in the middle by replacing
which it adds same terminal symbol before and after C.

As we (a.b)* so null symbol are also accepted in the place of a, b.
That means only C is accepted by this language set.

F:rnm the above points the production rules will be :
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S>aSh/bSh/C. —
The ] = ' P aid o
V.. m{Sl, ar will be G = (V, £, P, S}, where Que 3.7. I Define parse tree. What are the conditions fﬂl"
L:la, b Q) constructing a parse tree from a CFG? Why parse tree construction
is only possible for CFG ?

P:S—>aSb/bSb/C,
S: (S T
wl | Answer I
Que 835 | Construct a CFG for given regular expression 1. A parse tree is pictorial representation of derivation,
as derivation tree.

Parse tree is the tree representation of deriving a Context Free Language

so it is also known

(011 + D* (0OD)*. 9
—-pq (CFL) from a given Context Free Grammar (CFG).

. * and (O)* 3. A parse tree is an ordered tree in which left-hand-side of a production

arts (011 + 1)* an : represents a parent node and children nodes are represented by the

1. The regular expression consists of two p
2 Hence, from the start symbol, we are taki

them is producing one part. (011 + 1) can
3. Asitis any combination of Os and 1s whic

ng two non-terminals each of production’s right-hand-side.
b:? written as 011/ 1‘; Conditions for constructing a parse tree from a CFG:
h is represented by *. So, null . Eachvertex of the tree must have a label. The label is a non-

terminal or null (g).

terminal or

string is also included in the language set.
4  From the above discussion the production rules (P) of the grammar will be ii. The root of the tree is the start symbol, z.e., S.
S 5 BC, B —» AB/s, A - 01V/1, C — DCle, D — 01. iii. The label of the internal vertices is non-terminal symbols eV,
The grammar will be G = (V, £, P, S}, where iv. IfthereisaproductionA > XX, .. X . Then for a vertex, label A, the
V,.:1S,A,B,C,D),x:(0,1),S: (Sh ; " children of that node will be X X, .... X
v. Avertexniscalled aleafof the parse tree if its 1abel is a terminal symbol

Que 3.6. i Find the CFG for the language T or null (¢).
Parse tree construction is only possible for CFG.

AKTU 2014-15, M“hpm of a tree match with the properties of CFG.
Que 3‘,& | What do you mean by left most derivation and right

This is because the properties

=T

L =(a"b™ | n + mis even).

OR ;
Design CFG for the language consisting of all strings of even length
——— B : t ivati i 1
over (a, b). AKTU 2016-16, Marks 10] et b
Answer I i. 1. Left most derivation : The derivation S — s is called a left most
Let G be CFG for language \ 1§ derivation, if the production is applied only to the left most variable
L = (a"b™|n + m is even) (non-terminal) at every step.
then G=(V,TPS) For example : Let us consider a grammar G that consist of production
where, ‘ V=1S,A), T=a,b) rulessE >E+E | E x E | id.
and productions P are defined as : Firstly take the production
S — AaBb|AB, A—aaAle, B bbB|e E>E+E—E % E+E (Replace E - E * E)
e
A | * id + place E —
Derivation Trees and iguity. e %9
Ambting S id % id +id (Replace E — id)
2. Right most derivation : A derivation S — s is called a right most
| X derivation, if production is applied only to the right most variable (non-
Questions-Answers terminal) at every step.

For example : Let us consider a grammar G having production.
E->E+E|E * E | id.
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because it has two left mm

ht most derivation trees,

3-8 A (CST-Sem-4)

The above grammar is ambiguous be¢
tree and similarly we can show two Ng

Que 3.12. l Explain inherently ambiguous context tree g,

with example.

e

Statement : “If L is a context free language fﬂ.r which there oy
unambiguous grammar, then L is said to be unmblg:unus.. Ifeven‘, El‘am:
that generates L is ambiguous, then the language 1s said to be th
ambiguous”.

Proving inherent ambiguity : _ _

1. Ifeven one grammar for L is unambiguous, then L is an %

language. , :
2. Let us see an example of an inherently ambiguous CFL.

L=la"b"c"d" |n}1‘m}=1]u{a"b“c”‘d" In>=1m>=y
3 Thus. there are as many a's as b’s and as many ¢'s and d’s, or ﬂlerelm
as many a's as d's and as many b's as ¢’s. L
A grammar for L 3
S —»AB | C,A—aAb | ab.B—cBd | cd,C— aCd | aDd,E..;‘chl
Parse trees for aabbcedd :

A/S\B
A /N
N Lol

K h/ D\“
Fig. 8.12.1.

1. The previous parse trees and left most derivations prove that languqi
L has at least some ambiguous grammars. ¥
2. This does not prove that all of L's grammars are ambiguous, so wedont
know if L is ambiguous. :
Proof idea: .
We argue that all but a finite number of the strings, whose counts of the fou
symbols a, b, ¢, d are all equal, must be generated in two different ways:
1. a'sand b’s are equal and ¢’s and d’s are equal. 3
2. a'sand d’s are equal and b’s and ¢’s are equal. :
3. The only way to generate strings where a’s and b’s are equal is with!
variable like A. £

4. Vaz_-iat,inns can occur, but we must follow the mechanism for genﬂl"ﬁuf |
a's in a way that matches the b's.

W/ R

“4)
Theory of Automata & Formal Languages 3-9 A (CS/IT-Sem-4)

 This idea carries for the variables B,C,andD. | -
g. This argument will show that no matter what modifications we make

the basic grammar, it will generate at least some of the strings of the
fﬂrm ﬂ"b"f.d., . | .

7 Following this proof idea will show that L is :nherenFly gl;j]btg:o:;;
because no matter how the grammar is changeq_, it will re

ambiguous.
Quea.la. How to convert ambiguous grammar into
unambiguous grammar ?
'Amwui" ¢

To convert ambiguous grammar into unambiguous grammar, we use left

and right recursion. | |
If the grammar contain arithmetic operator, we will apply the following

le :
:1 If the grammar has left associative operator (such as +, -, * /) then

induce the left recursion. .
b. If the grammar has right associative operator (exponential operator)

then induces the right recursion.

Let consider an example : :
E->E+E|E*E |

is an ambiguous grammar. We will design the parse tree forid +id * id as

follows :
E E

/TN

’" T

d id

T s fr- .
W .\.._“I = o
1

After applying the rule in the given ambiguous gr
grammar as :

ammar we get unambiguous

E—}E+T,E-+T,E-—>T‘F.T—rF.F—rid

“@?f'ﬁft’ "' Define parse tree. Find parse tree for the string abbcde

[ 50

considering the productions.
S - aAcBe
A — Ab
A-b
B-d

Is this ambiguous ? Justify.
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- S, - CD, C —»aCle, D—bDcle w
2 fine CFG for the language L, L

1 & dG..wocande % |
By the help G, and &y TP, p ‘ itg E:
V=1(S,5) SQ.A. B, C, D)
T = (a, b, ¢!
Productions are defined as follows ! |
S—*S?’S. S — AB, A —>aAble, B :
b Tc> DobDde L Eal

S, CD. C - aClk,

Que 3.20.' Define context free grammar. Find a context

grammar for the following language : 3

L = la"b*c™ |n, m >=0)

Answer |

Context Free G
Numerical :
1. Ifstringstarts

rammar (CFG) : Refer Q. 3.1, Page 3—2A, Unit-3,

with ‘@’ then number of a’'s must follow b's and the nypy 3

of b’s are twice than the number of a’s.
9 If string does not start with a after any b or ¢, and no b after any

Let us assume CFG for language is G.

G=WV,V, P,S)
V = (S, A, Bl
Vt = [{1, b, Cl

P is defined as follows

S AB, A — aAbble, B - cBle

Construct a CFG for the following language :

L={a™b"| m=nl M‘ﬁﬁ"l

If m = n. then there are only two cases possible.

Casel:m>n
Language L on condition m > n is L,

and L,:la"b":m}nl

Let G, be the CFG for the language L,
G, =WV,T,P, S)
V,=1(S,,A, Bl
T = {a, b)

then productions P, are defined as :
S,—»AB, B —>aBbls, A—adla

Case2:m<n

Let L on conditionm <nis L,

and L,=Iu"b‘:m<:nl ;
Let CFG for L, be G,

Theory of Automata & Formal Languages 3-15 A (CS/IT-Sem-4)
G,=(V,T,P,S,
V,=1S,C.D
T, = {a, b)

p,are defined as follows :
S,»CD, C—>aCbl/e, D > bD /b
By the help of G, and G,, we can write CFG for L as
S—S8,/S, S,—»AB, A —»aAla, B—>aBb/c
S, CD, C-aCble, D - bD/ b
where S is start symbol of CFG for L.

PART-4
Conversion of FA into CFG and Regular Grammar into FA.

Long Answer Type nnd Medium Answer Type Quuthnl

Que 3.22. | Explain the conversion of FA into CFG.

Answer I
Construction of Regular Grammar Equivalent to a given DFAM:

1. Let M =gy @ys @) 5 0 9o F) be the given DFA.
2. To construct an equivalent grammar G, our productions of G should
DFA. Also there should be a provision

correspond to transitions in the
for terminating the derivation, once a transition terminating at some

final state is encountered.
3 So, the grammar G can be constructed as follows :
G=(AyA,-ALL P, Ay
where the set of productions P are constructed by
. A,—ad,ls included in P if 8 (g;, @) , = @) andg, ¢ F.
A —ad;, and A, — a are included in P if 8 (g, @) =g, andg; € F.
The construction of the grammar is as follow :
i The grammar will have n non-terminals if there are n states in a
DFA. i.e. each state of the DFA is represented by one non-terminal.
ii. Ifg,isastart of the DFA, then the non-terminal corresponding to

g, 1s the start-symbol of the grammar.
iii. Ifthere arem transitions (edges) from some state to other then we
add m productions. However, if the transition leads to a final state

of DFA, we add additional production to provide termination of

derivation.

Que 3.23. I Construct a regular grammar for the finite automata
shown in Fig. 3.23.1.
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FA shown in Fig. 3.23.1, will be

almmt o G equivalent to the
The gr ar G eq G- (V5 P, Ay, where

¥ = (a,b)
A, is the start symbol
and P= (A, > adg A~ bA,lb, A, >aAla, A —>bAlb ]
1  Since there are only two states in the FA, we will have two nun-terminah‘
| andA, represents q;.

A andA,, A, represents g, anc

2 Since 96 1 the start state, A, will be start symbol.

3. Since each edge is either labeled as a or b, we will have a anc? b as the get
of terminals.

4 There are four transitions in the FA, three of them are to the final state
g,» and one of them to the non-final state. So we will have tota] 7
productions, two each for the three transitions leading to finzl state ang

1 for the transition to non-final state.
rresponding to the following

grammar.

Construct a NFA co

S > aA|bB,A > aS|a, B> bS|b

The NFA accepting the language generated by the above
M= (g, 9, 9 9/ (@, b}, 8,9, (g D)
where g, corresponds to S, ¢, to A and g, to B g, is the new al state. g, is the

initial state.

grammar will be

S —» aA induces transition from g, to ¢, on a.
S — bB induces transition from g, to g, on b.
A — aS induces transition from g, to g, ona.
A — a induces transition from g, to g,ona.
B — bS induces transition from g, to g, on b.
B — b induces transition from g, to g,on b.

The NFA is given by

E ¥

T e P

- e

Theory of Automata & Formal Languages 317 A (CS/1T-Sem-4)

—

PART-5 |

" Simplification of CFG, Normal Forms : Chomsky Normal Form
- "(CNF), Greibach Normal Form (GNF), Chomsky Hierarchy.

Questions-Answers
Long Answer Type and Medium Answer Type w

Que 3.25. l Explain the simplification of Context Free Grammar
(CFG).

Answer |
Let L be a non-empty context free language, then it can be generated by a

CFG G with the following properties :

1. Eliminating useless symbols :
o Inthis, we identify those symbols, which do not play any role in the

derivation of any string w in L(G) (these symbols are called useless
symbols) and then eliminate the identified production, which
contains useless symbols from the Context Free Grammar (CFG).
b. Reduction of a given grammar G, involves following steps :
i Identified non-generating symbols in given CFG and eliflninate
those productions which contains non-generating symbols.
i Identified non-reachable symbols in grammar and eliminate
those productions which contain non-reachable symbols.
Then, after this process, CFG will have only useful symbols.
2. Removal of unit production :
a. A unit production is production of the form :
Non-terminal - One non-terminal
b. Unit production increases the cost of derivation in a grammar.
Following algorithm can be used to eliminate the unit production.
Algorithm :
While (there exist a unit productions, A — B)

[

select a unit production A — B, such that there exist a production

B — o, where a is a terminal.

For (every non-unit production, A — a)
Add production A — a to the grammar
Eliminate A — B from the grammar

}
3. Removal of ¢-productions and nullable non-terminal :

" a. InaCFG. anon-terminal A is nullable variable if there is a production
A — ¢ or there is a derivation that start with A and leads to ¢
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b. To eliminate e-productions from a grammar G we use the fu““‘%g

technique : ‘ _
i First we look for all productions, whose right side ““ntaj,h

A-oe o
ii. Replace each occurrence of A in each of these productigp toy,

obtain the non g-productions.
iii. Now these resultant non e-p

grammar.
Que 3.26. | For given CFG, find equivalent CFG with no ysejq

C- abCaIa.Db,D—rbDamC

roduction must be addeq ¢, .
J

variables :

Answer I
Since. non-terminal C and D do not derives any tElE'minal so C and D e
useless symbol. Remove the production which contains C and D.

bol is given as follows :

So, the CFG without useless sym
S_y AB, A —aAb|bAa]a, B — bbA |aaB

Que 3.27.1 Consider the following grammar and remoye
S — aSa, S — bSb/e

g-productions

Answer I

Here S — ¢ is the e-pr

¢ in the following productions
S > aSa, S— bSb

We will get following new productions
S — aa/bb

add these productions in the grammar and remove S — & from the grammar
S — aSa/aa/bb/bSb

It is e-production free grammar.
Que 3.28. | Explain Chomsky Normal Form (CNF) with example.

Write the steps to convert CFG to CNF.
OR
Reduce the given grammar G = ({S, A, B), {a, b}, P, S) to Chomsky
Normal Form.
Where P is defined as :
S 5bA|aB, A ->bAA|aS|a, B—>bBB|bS|b

AKTU 2017-18, Marks 07)
Answer l

Chomsky Normal Form :
If a CFG has only production of the form

oduction, so let us replace occurrence of S by

O LTI AT T
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Nnn-turminals —» string of exactly two non-terminals or
Nﬂn-t{‘rnliﬂﬂls _» one terminal then grammar is said to be in CNF.

For example :
.t us consider a grammar
G =S, A, Bl (a.b], P, S), where S is the start symbol and P is given by

S—>bA/aB, A-->bAA/aS/a, B »aBB/bS/b

find an equivalent CNF of it.

Now let us
that right side in CNF either contains two non-terminals or one

As we know

terminal. _ ‘ :
So, it is clear thatin the first production above, we have to replace terminal

' by a non-terminal say C, and ‘a’ by C_, hence grammar becomes
SS>CA/CB, A-»>CAA/CS/a

B — CﬂBBbeSfb. C,6—>a, C,>b

Now first rule is in CNF. In second rule C,AA is not in CNF. So we can
replace AA by a non-terminal say D and similarly BB by E, we obtain
' S—- CA/CB, A-CD/CS/a, BaCL,E!Cthb

C. -»a, Cb—arb, D >AA, E—->BB

This grammar is equivalent CNF of the given grammar.
Steps to convert a given CFG to CNF :
If the start symbol S occurs on some right side, create a new start

Step1:
and a new production S’ = S.

symbol S’
Using the null/ production lecture).

Remove null productions (

Step2:
Step3: Remove unit productions (Using the unit production removal).
Step4: Replace each production A - B, ...... B . where n > 2, with
A — B C where C - B,, ....... B, repeat this step for all production
having two or more symbols on the right side.
Step5: If the right side of any production is in the form A — cB where ¢
terminals, then the production

is aterminal and A and B are non-
is replaced by A » XB and X — c repeat this step for every

production which is of the form A — ¢B.

Que 3.29. I Convert the given grammar in Chomsky Normal Form

(CNF) S-»> ABa A—> aab B- Ac.

Answer
Step 1 : Consider the production S —» ABa, not in CNF. Let us consider,
another productions D, » a, D, - AB. So production wil be

S- DD, and D, > a and D, — AB

Step 2 : Consider the second production
S - aab not in CNF.

Let us consider a production D, — b and substitute a by D, using production

D, - a. So production will be :
A - D D D, it is also not in CNF.

Therefore. consider a new production D — DD,
Thus, A-> DD, and D, —»D D, and D, »a and D, » b
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Step 3 Consider the third production B — Ac is not in CNF 3
production D, = ¢. The production will be : ' Cn"s‘der
I

B - AD, which is in CNF.

Therefore, the productions for given grammar in CNF form wi))
S 5 D_er A- D,D,; B —"ADﬁ bD'

D|'_’ﬂ' D!-—%AB, D:l_}b, D'l——-}DD D
1= 1

3 -‘it

Que 3.30.] Explain GNF and the process of converting giy,, Ch

into GNF.

Answer |

GNF : A grammar

is of the form
non-terminal —» (sing
non-terminal — single terminal

For converting a CFG into GNF,

follow :
a CI'G and if A > Aaand A > B /B/

Lemmal:IfG=(V. v, P,S)be

belongs to the productions rules (P) of G. Then a new gramm,

G = 1V 2, P'. S) can be constructed by replacing A — [,/ ;Bm?l
a P

A — Aa, which will produce

A o paa../fa
This production belongs to P'in G'. Then L(G) is equivalent to L(G")

Lemma II : Let G = (V,, L. P. S) be a CFG and the set of A productio

belongs to Pbe A = Aa /Aa, JAa BB /B,
Introduce a new non-terminal X. Let G = (V2 P, S)where V' =(V L]
i N -

and P can be formed by replacing the A-productions by

is said to be 1n GNF if every productions of the
graﬂ]ma[
le terminal) (string of non-terminals)

we use two lemmas which g,
(

A ‘_}[j;“]’_lﬁ' | Bu
A > P XIBXIPX] | p.X
X -oa |a,ag] .- |

X »aX{aX] . | o X
Process for conversion a CFG into GNF :

Stepl: Elnunate null productions and unit productions from the gramma
and convert the grammar into CNF.

Step1I: Rename the non-terminals of V,, as (A, 4, ..... A ), with star
symbol A . ' neE

Step I11: l.‘s:pg Lemma I modify the productions. Such that left-hand-sid
\';w?able subscript is less than or equal to r’ight-haud-side starting
varable subscript, that is 1n mathematical notationit can be sait

S ull' the pro;lurlmns .will be in the form A — A V where i <.

StepIV: By repcating application of Lemma I and Lcmnm 11, all the

. production of the modified grammar will come into GNF.

Que 3.31.

i,  Convert the following CFG into CNF
SNo>XY | Xn|p

Theury Df A
__,..-—-""—-'_—-

il

W

1] A |
) J/ N
\ . 'R .
7. Dy =
v -

Y

P — )

_'_'i

S el ~ ol

Convert the
A -%BlSrB_’b I >

—

—

i.

cC — Cp - D,
rammar is in CNF.

Mgwer l
In CNF R.

utomata & Formal Languages 3-21A {CSIIT-Sem-ﬁ
il
Xo>mX|m
Y - Xn |o
S - ASA I ﬂBr

H.S. contains either
he first production replace termin

¢’ and similarly ‘m
o. the grammar becomes

following CFG into CNF 3,
AKTU 2016-17, Marks 10 |

minal.

two nnn-terminal or one ter
al‘C,’and

al ‘n’ by non-termin
'by ‘C_’and 0’ by ‘C .

X2 C.X|C, ¥=XCI|C

»
c -»m, C —o
m o

Now the g

GivenS—}ASA | aB,A—>B | S,B-ob]|¢

| SinceS appears in R.H.S, we add anew state S,and S, Sis added
to the production set and it becomes :

SO—+S,S—+ASA | aB, A >B|S,Boble

9. Now we will remove the null productions
B¢
After removing B — &, the production set becomes :

Su-—:rS,S >ASA | aB | a,A—>B| S|e,B—b

After removing A 2 & the production set becomes !

Sa-rS,S—}ASA | aB | a | AS | SA | S,A—>B | S.B—b
3. Now we will remove the unit productions.

After removing S — S, the production set becomes :

S,—S S >ASA|aB|a | AS | SA,A-B]| S,B—b

After removing 8; = S, the production set becomes :

Su—}ASAIaB|a |AS|SA,S—+A&A|¢:B|:: |AS|SA

A—>B|S B-b

After cemoving A = B, the production set becomes :

SneASAluBIa |AS|SA,S—rAS'A|aB|u|AS|SA

A -=x8]b

B—b

After removing A — S, the production set becomes :

SUAASAlaBlalAS|SA,S—*ASAIaB|a | AS | SA

A—+b|ASA|aB|alAS|SA,B—+b _

4 Now we will find out more than two variables in the R.H.S: '
Here, S, ASA.S >ASAA- ASA violates two non-terminals in
R.H.S. ' ‘
Let us consider another production X — SA, so the production will
become
Su—arAXlaBIalASISA
S—rAXluBlalASlSA

Ab|AX|aB|a

| AS | SA

B—b, X—8A

L —EE
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3 Productions S" s aB. % al3. A ald are I'ilIll i ( 'Nl"_ So Cons N\
another production Y -» @ thus the production becon, S :Idt-

S > YB,A > YB OFGin CNF "R
Therefore, the production for given CIFG in CNF form wﬂ““‘m

‘n.

as: i
S,»>AX | YB | a | AS | SA

S >AX|YB|a|AS|SA
| SA

|

A->b|AX | YB | a | AS
B-ob
X - SA
Y oa

QII.: 3.;32. Convert the following grammar in GNF:8§ » AR, 4 » B
AKTU 201819, Marky

—— S -

/la,B—> SA/b
“‘M

Answer

Given grammar :
S »AB, A »BSla, B >SA|b

Let rename S as A}, A as Ay, B as A, then given grammar becomes,
A > AA,
A, A, A la
A, »A A b

Let start with A,. The rule for A 18
A A A, b

-

Now replace A, by rule of A,
Ay A A A, | b

Ay > A A AGA) |AA, |b
According to lemma 7 if
A9 A, |Aay] ... [Aa, |By Byl Bsl.... |B,
AP ZIR 2] ... B2
Zoo,Z]|a,Z| ... |a,Z
We can map this lemma to A, rule as

A=A, a,=A A A, B, =ad A, B, =d
Then we get, e e |7 2 e e

Ay -adA, b

Ay aA A Z|bZ

Z->AAA,

Z **AIAS.-L:Z
Ihus now we have obtained A being in GNF. Now, consider production fo

2

A, AjA|a
Replace the value of A, by its recently GNF rule

A, »ad A, ZA, | bZA hA, |a
Now consider production for A: 3P| [ adsAad, o

A A A

——— i

3.
L o
W
e

heory of Automatan & Formal Languages 3-23A (CH/IT-Sem-4)
Replaee the value of A, and A
"\I » Il.r‘” A'.I ZA I’\.l | hZA 1"‘.;“”1./‘/"‘ IA > | hA rA . Ifﬂd

NOW, conalder Z rule,
Z - A 1A,I AJ Z
Z 2 A A A,
Roplace A with rule of A in GNF

7 > A A ZAANANZNVIAAANA L

al A |A~'IA-TA:!Z | bA A AN L aAAAZ

7 > ad AZAAA A DZA A AN, |0AAAAAA,

hA I‘J‘.‘IA.I"“-,I | "A’.J‘\J(\ 2
Now rewrite (he rules by converting back A, = 8§
A, = A J\: - 3
S >aBBAZSH |bZSH [u“.*\HH |bSB |al}

A > alAZS | DZS [aBAS|bS |a
7y aBAZSBBAZ | bZSBBAZ | aBASBHAZ |bSBBAZ |aBBAZ

%+ aBAZSBIA [DZSBBA |aBASBBA | bSBBA | aBBA
in equivalent GNI

Que 3.33. \ What is difference betwoen Chomsky Nunﬁnl Form (CNF)

and Greibach Normal Form (GNF) ?

Answer |

TR ONP. GNF

SN0 o TR T
\ CFG is in GNF if every

1. A CFG @ s in CNIF il every

production is of the form | production is of the form A »aaq,
a >A. ord >BC, and S e | where a V* . anda € X (a may
inin G if e o LUG). be o) and S - ¢ is in G if e € L(G).

——

When ¢ ¢ LUG), we assume that S

When ¢ 18 in LG, we assume

1)
that S does not appearon the | does not appear on the RH.S. of
R.H.S. of any production. any production.

3. For example, consider G | FFor exa mple, G given by

S - aAB|s, A » bC, B = b,

whose productions are
» ¢ 18 in GNF.

S >AB | . A »a,Bbisin | C
CNF.

Que 3.34. | Explain the parse tree with an example. Reduce the CFG

into GNF whose productions are
N> aSb

S>> ab

Answer |
Parse tree : Refer Q. 3.7, Page 3—4A, Unit-3.

[AKTU 2015-16, Marks 10
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For example : Refer Q. 3.10, Page 3-6A, Unit-3.

Numerical: |
Step 1 : Let us find CNF of given GNF as follows :

JS —» ASB

S »AB

A>ra

Bb |
Step 2 : Rename the non-terminalsasA,, A, A, byputting S = A4
= A, then CNF can be written as follows :

:Azrﬂ

AI =* Au‘q:Aa
A - AzAJ
A,—a
A~ b

Step 3:4, 2 AA A andA - A A, are not in GNF, so let us replace the
follows : e

A —aA A,
A —dA
So, GNF is, A-adAA, | dA,
A, —a
A, - b
Que 3.35. | Convert the CFG into GNF.
S - aShA
A - Sala AKTU 2014-15, Muh@l
‘Answer |
First we convert this grammar into CNF.
We introduce Coa
B-b
Now the grammar will be :
S— CSBA, C-a
A—-5SCl/a, B-ob
This grammar is in CNF.
Let, rename SasA,AasA,BasA ,and CasA,.
'Ihen, AI = AJAIA!A:I
A,>AA /a
A —>a
. A -b
All‘pmductions are fine except A, > A A e
Using A 2AAAA, In A,
we get, A, AAAAA,
A,- A /
Now, our grammar looks like :‘A,A,AZA‘ e
Al '-FA‘AIA,A!
4,5AAAAA /a
A -b

A B

w / I N, T (R ST W e T

Theory of Automata & Formal Languages 3-25 A (CS/IT-Sem-4)
g™

A, >a
Now, substituting A inA and A,
we get, AI = a“q‘lAaA:

A, aAAAA,/a

,
A —a

which is in GNF.

-érua 3.36. I Explain the Chomsky hierarchy of languages. Determine
the type of the following grammar :
S - aAble, A > aA/Ablalb

AKTU 2014-15, Marks 05 |

Answer I

Chomsky hierarchy of languages :
Chomsky has suggested four different classes of phrase structure grammar

as follows :
1. Type-0 grammar (Unrestricted grammar) :

a. Type-0graminar are constructed with no restrictions on replacement
rule, except that a non-terminal.

b. A non-terminal must appear in the string on the left side. The
language generated is called recursive enumerable language.

c. Thus, atype-0 grammar is:
i  Analphabet £ of terminal symbols.
ii. Analphabet V of non-terminals, including a start symbol.

iii. A set of production rule a - B, where a and B are from
(ZUV)*, ‘a’ contains at least one non-terminal and there is no
restriction on ‘B’.
d.  The type-0 grammar is recognized by turing machines.
2 Type-1 grammar (Context-sensitive grammar) :
a. A grammar is said to be type-1 grammar or context-sensitive
grammar if it follows the following conditions :
i  Each production in the form a — B, and length of ‘a’ is less
than or equal to length of B, i.e., there are no empty production,
those in which right side is empty string ¢.

ii. Each production of the form a Aa, = a pa,, with = &.
b. The turing machine can be constructed to recognize the context-
sensitive language generated by context-sensitive grammar (CSG).
3. Type-2 grammar (Context free grammar) :

a. A grammar is said to be type-2 grammar, if the production is in the
form of A — a, where A is a non-terminal and ‘a’ is a sentential

formie.,a e (VuT)*ie,acanbec.
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b. Theleft hand side of productinn mu51: contain “mm
¢. The type-2 grammar can be recogmze.d by push down, ﬁutunni“il
4. Type-3 grammar (Regular grammar) : Mat

a. A grammar is said to be type-3 grﬂmfll;lﬂl‘cllf t-he pmduﬂiﬁn T
form A — a or A 2 aB, i.e., the left hand side of eac}, b iy
: _terminal or first symbo] gy . gy
should contain only one no ol on pioy "l
. - be followed b h
cide must be a terminal and may Y @ non-topy . oy

b. The language generated by this grammar is recognizeq by“;a]'
; m.

state machine. 10 b I
c. These regular languages can = S0 be expressed by sim
expressions called regular expression. Pley
Numerical :
Given: S—>aAble
A—aAlAbla /b
. : . text free
The given grammar is a type 2 grammar or €% Brammg;, .
cuntg.;ns only type-2 productions. Also, ‘It is of the form : &
A > a, where A e Vy and o € (Vo I)
PART-6
Programming Problem Based on the Properties of CFGs,
o —
T ——
Questions-Answers
Long Answer Type and Medium Answer Type Questions
-Que 3.37. | Discuss closure property of CFL.
Answer | ?
Context free languages (CFLs) are closed under several common operations
Union :
1 IfL1and L2 are two CFG, their union L1 U L2 will also be context free
Example :
Ll:{uﬂbncm l m }=Oandﬂ}=nlﬂﬂdL2 - [ a"bmc™ | n }:Uﬂﬂd
m>=0)

L3=L1uL2={a"b"c" vab™c™ | n>=0,m >=0) is also context fre¢

2. L1 says number of a’s should be equal to number of b’s and L2 ¥
number of b’s should be equal to number of ¢’s. |

3. Their union says either of two conditions to be true. So it 1s also CFG

.;

Theory of AUtUT{mtﬂ & Formal Languages 3-27 A (CS/IT-Sem-4)

m—

Concatenation :

1. IfL1and L2 are two context free lan ; :
will also be context free. guages, their concatenation L1 L2

Example :
Li=(a"" | n>=0}and L2=(c"d" | m>=0)
L3=L1.L2={a"b".c"d™ | m >= 0 and n >= 0} is also context free.

9. L1 says nur?ber of a’s should be equal to number of b’s and L2 says
number of ¢’s should be equal to number of d's.

3. Their concatenation says first number of a’s should be equal to number

of b’s, then number of ¢’s should be equal to number of d’s.

4 So, we can create a PDA which will first push for a’s, pop for b’s, push for

¢’s then pop for d’s. So it can be accepted by pushdown automata, hence
context free.

Kleene closure : If L} is context free, its Kleene closure L1* will also be
context free.

Example :
Ll1={(ab" | n>=0])
L1* ={a"b" | n >=0])* is also context free.
Intersection with a regular language :
1. The intersection of a CFG and a regular language is always context free.

92 To show this, assume we have a PDA M accepting the CFG and a DFA
N accepting the regular language.

3 Use the product construction to create a PDA which simulates both
machines in parallel. This works because only M needs to manipulate
the stack: N never we the stack.

VERY IMPORTANT QUESTIONS

Following questions are very important. These questions
may be asked in your SESSIONALS as well as
UNIVERSITY EXAMINATION.

Q. 1. Find the regular grammar for the language
L ={a"b™ | n +miseven).

Ans. Refer Q. 3.6.

Q.2. Consider the grammar with the production. Compute the
string aababbb with the left most and right most derivation.

Draw the derivation tree.
Ans Refer Q. 3.10.
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\‘lnu,.

Q.3.

Q. 4.

Q. 5.

- E
& e

Q.7.

Q. 8.

Define ambiguity. Show that the grammar G with fnu%
production is ambiguous. S .
S - a |aAb|abSb, A - aAAb|b

Refer Q. 3.15.

Find the language generated by the following grammg,,
S - aAblab, A > bAa,A > &

Refer Q. 3.17.

Find context free grammar for following languages wiik

n>=0,m>=0,k>=0).
L={a"b"c* |k>=3]
L=(a™b"c* |n=morm«:=k}.

Refer Q. 3.18.

Discuss inherent ambiguity of context free languages with
suitable example. Construct the context free grammapr that
accepts language L = (@/b/c*| i =j orj = k;1,j, k a - positiy,
integers}.

Refer Q. 3.19.

Convert the following grammar in GNF:S 5> AB,A - BS/q

B—->SA/b
Refer Q. 3.32.

Explain the parse tree with an example. Reduce the CFG

into GNF whose productions are

S— aSbh
S— ab

Ans. Refer Q. 3.34.

. Convert the CFG into GNF.

S - aSbA
A -5 Sa/a

Refer Q. 3.35.

Explain the Chomsky hierarchy of languages. Determine
the type of the following grammar :

S - aAble, A - aA/Abla/d

Refer Q. 3.36.
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PART-1

Non-Deterministic Push Down Automata (NPDA) : Definition MDUEg.

A Language Accepted by NPDA, Deterministic Push Down Autop,
(DPDA) and Determ inistic Context Free Languages '(D,C FL),

]

atq

—_-_--““‘--.

— __—‘-‘-"""I-n..

Questions-Answers

—

Long Answer Type and Medium Answer Type Questions

e :
Que 4.1. | What is Push Down Automata (PDA) ? Explain wig,
diagram.
Answer

1. PDA is the machine format of Context Free Language (CFL).
2. Itisone type of finite state machine (FSM) which is used to accept only

CFLs.
Diagram :
I/P Tape
Reading /\
Head [___D
Finite
| Control —_—
c
Zo y
Fig. 4.1.1.

a. Input tape:
.. Input tape contains the input symbols.

ii. Thfe tape is divided into a number of squares. Each square contains
a single input character.

il.  The string placed in the input tape is traversed from left to right.

iv. Two end sides o : - o5 =
symbol, fthe input string contain infinite number of blank

b. Readinghead:

1. "I“he head scans each s
from the tape,

quarein the input tape and reads the input

"‘ﬁ};!;f%—mlum—-—— —g

Automata & Formal Langpages 4-3 A (CSIT-Sem-4)

Theory of

__...-—"'_._-—-__ '
i The head moves from left to right.

The input scanned by the reading head is sent to the finite control
of the PDA.

Finite control :
Finite control can be considered as a control unit of a PDA.

iil.

1.
The reading head scans the input from the input tape and sends it
to finite control.

Depending on the input take from input tape and input from stack
top, finite control decides in which state the PDA will move and
which stack symbol it will push to the stack or pop from the stack
or do nothing on the stack.

il.

d Stack:
. A stack is a temporary storage of stack symbols.

Every move of PDA indicates one of the followings to the stack.

i
ii.
1. One stack symbol may be added to the stack.

2 One stack symbol may be deleted from the top of the stack.
Stack is the component of PDA which differentiates it from finite

automata.
In stack there is always a symbol z, which denotes the bottom of

the stack.

V.

Que 4.2. | Explain definition of push down automata and why it is

named push down ?

Answer |
A push down automata is a system, which is mathematically defined as

follows :

P=(Q,zxT,09,s,F)
: non-empty finite set of states
- non-empty finite set of input symbols

. is finite set of pushdown symbols

Where,

: is the initial state, s € @
: is the set of final statesand FF c @
. it is a transition function or transition relation which maps.

(@ xT* x ™) - (@ xI'™)
Why push down :
1. Push is an operation related to stack. By this operation one symbol is
added to the stack top.

2. In finite automata, states act as a form of primitive memory. States
memorize the non-terminals encuuntered at the time of derivation of

a string.

Fn‘ﬂrjm - ™MD
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3. Hence anl‘grstg:e ; 1 ::;:Esl;e for traversing a regum Tfll___________
inite : . —

the case 0 Wy E e 4.4. l What are the condition to declare a string accepted by
Example:
a. Let's consider a case of L = (a"b", whereb: > 1). It is not i pPDA? ke
' - is any number. re

expression but a CFtL. Hert].'e ni be:: o' wnd B T ly pefine Pushdown Automata (PDA). Differentiate PDA by empty stack

b In the string ﬂ"lﬂl'e 1S equal num - In the Stringl : and final state by giving their definitions.
occur before b’. Tw)

«  In case of traversing a"b", the machine Ew:&': to remember , - AKTU 2015-16, Marks 10
a’s to traverse equal number of ‘b’. The ‘n’ is any number. h‘“ﬁ FA_nEW i <—|

d Thergf ore, to memorize num!aer ofa’sin t.he.strlng the machip, req PDA : Refer Q. 4.1, Page 4-2A, Unit-4.
infinite number of states, i.e., the machine will not be fip;, "™ ,
machine Nite Sty There are two ways to declare a string accepted by a PDA :

—_ t .
form of stack. - a. e ’ CK atlachea.

f  For each occurrence of ‘a’ in the string one symbol is pusheq into y, b. In the stack at the bottom there is a symbol called stack bottom
stack. symbol.

g. For eachoccurrence of b (after finishing ‘a’) one sy mbol wil] be Poppe c. Ineach move of the PDA, one symbol called stack symbol is either
from the stack. By this process the matf:hmg of ‘a’ will be done 3 pushed in or popped from the stack. But the symbol z_ still remains
adding a stack to a finite automata, PDA is generated. s in the stack.

= ' ¢ . . d. A string w may be declared accepted by empty stack after processing

i L ‘ Design PDA for palindrome strips. all the symbol of w, if the stack is empty after reading the rightmost
input character of the string w.
AKTU 2014-15, Marks ’ | _ ) _
- e. In mathematical notation, we can say M = Q,%,1,3,q9,2,Flbea
Answer PDA, the string w is declared accepted by empty stack if
PDA for palindrome : (w e ¥ (g, w, 2)* > (q, &, £) for some g € Q).
We define the PDA M as follows : f  Ingeneral, we can say that astring is accepted by a PDA by empty

stack if both the following conditions are fulfilled.
i  The string is finished (Totally traversed)
ii. The stackisempty.

2. Accepted by final state :

a. A string w may be declared accepted by final state if after total
traversal of the string w the PDA enters into its final state.

M= {{qui Qp Q2L {an b]'l lﬂ, b! z{]}’ 6' qﬂ’ zl]’ tq?”
where § is defined by

8qq a,Z) = (g, aZ),(q,, Zy))
8(qg, b, Zg) = (g, bZy), (g, Z)
S(qﬂ: a, a)= {(q.[_p ﬂﬂ.), {Q]t ﬂ)]

8(qy, b, @) = ((q,, ba), (g, a)) b. In mathematical notation, we cansay M =(Q, %, T, 9, q,, 2, F) be a
8(qy, a, b) = ((g,, ab), (q,, b)) _ PDA., the string w is declared accepted by final state if

' i : is the stack bott
8(qq, b, b) = ((gq bb), (g, b)) (w e £*/ (g, w, z,)* = (q, € 2) for g, € F and z is the stac om

symbol).

c. Ingeneral, we can say that a string is accepted by a PDA by final
state if both the following conditions are fulfilled.

%qg & b) = (g,, b)) L The stringis ﬁni?hed.(Tcgalli-,r ttrz;versed)
8(q,,a,a)= ((g,, &) ii., The PDA enters into its final state.

6[(]1. b,b) = “ql; e))
091, 6 Zg) = (gy, Z,))

6{(;(}1 £, zn) = {{ql‘ ZD]I
8(gq, & a) = ((g,, a))
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Push Dow
coacomrSemt) : Aut“”’at. |
AT \ | Theory of Automata & Formal Languages TA(C -
Push Down Automata (PDA). D‘Eﬂlgn ap | E——— - VIT-Sem
M"?"—_’ 5 04 lo 4 I Construct a PDA th
- following janguage : Que 4.7 at accepts L = {ww” |w = (a + b)*)
k| i=jorj=k) AKTU2014.15’MQ.
L=labc| : k‘ln AKTU 2016-17, Marks 10
Amewer | Answer |
PDA : Refer Q 4.1, Page 4-24, Unit-4. From anaﬁlfz? f:lf; Pfﬂblim we find that we have to design a PDA which
ical : accepts all palindrome of even length. The string (palindrome) must content
Numerical : | onlya,b and ¢ the strings accepted by PDA will be like bb, aa, abba ete
We have PDA M as follows : s Bl 8 B s b Now we can define PDA and the  given by , , baab etc.
’ ’ y Uy ’ B | * *p? ’
M =gy 1 9 99 90 95 %6 v v Q=195 9,9, 8(, a,X) - (q,, AX)
5 is given by : _
5 is given by S, 252 = gy T @y 20)> @y 2,) z={a,b,é 8(g,, b, X) - (g,, BX)
3(q,, ¢, z,) = (q,, 2,) G, = (g, 8(g,, a,A) - (g,, AA)
8gq,, a, 2, = (g x2,) Z,= &) gy a,4) - (g, €)
ﬁ(qz’ a, )= (qi’ xx) : [ = [X.: A, B} 5(';‘“, a, BJ’ — {qu, AB)
5(g,, b, x) = (g, b, %) = (g, &) *r F =g, 3(g,, b, A) - (q,, BA)
S(q‘, £, Zﬂ) = (ql’ zu) 6[q“: b: B} = {qﬂ, BB}
3g,, a,2,) = (g4 2,) 6(g,, b, B) - (q,, €)
S(qﬂ’ b, zu) = (qﬁs xzn) 6(";"l’ H’A} B {q]! €)
5(q,, b, x) = (g5, xx) | &(q,, b, B) - (q,, )
8(q,, ¢, %) = (g5 ¢, %) = (gg, €) } 5(g,, &, X) > (q,, &) > Accepted
8(q,, € 2,) = (g3, €) Accepted Que 4.8. ] Show that if L is a language of Deterministic PDA (DPDA)

and R is regular then L N R is a language of DPDA.

Que 4.6. I How many types of PDA are there ? Explain each
them. Answer I

= 1. Torunthe PDA for L and the DFA for R in parallel, we construct a DFA
Answer l for the intersection of two regular languages by running both their

There are two types of PDA : DFAs in parallel and accepting only if both machines accept.

1. Deterministic PDA (DPDA): b 2.  Formally, suppose the PDA for L has finite states @,, stack alphabet I',
transition function 3,, and accepting states F, and the DFA for R has

similarly @,, 3,, and F,.

: 3. As for simplicity that the PDA for L reads a input symbol on every
b. IfaPDA being in a state with a single input and single stack syl stespume or simplicity tha put sym

- : i inistic PDA s
gives a single move, then the PDA is called Determ 4 Then the PDA for L ~ R will have states @ = Q, x Q, and transition

a. APDAIs said to be a DPDA if all derivations in the design give oo
single move.

2. Non-deterministic PDA (NPDA): function 8 : @ x ¢ x ' =» @ x I' , where the new state is (3,(q,, a),

a. APDAis called non-deterministic if one of the derivations generdé 5,(q,, @)) and we use 8, to determine what, if anything, we push on the
more than one move. stack.

b. IfaPDA being in a state with a single input and single stack symb 5. Our set of accepting states is F = F, X F, c Q. The resulting PDA is
gives more than one move for any of its transitional functions, the deterministic if the original PDA for L 1s regular, so L ~Ris a CFL or
the PDA is called non-deterministic PDA. | DCFLif L is regular.

_—
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6. (qy0 a)=(qy £)

= ,E}
7. @e9=0 o g, a0/

5 = la, b, I = (a, b)

F=1f . '
ding all a’s first and putting them on the st.ack, After it q)) By
e rea ;I;faking any change on stack. Now again we are readj,
on o’ from stack is popped for every single ¢

) : ﬂnd ﬂne . i? =
b ﬁ;;u:lat; p;tl"taﬁfzfs are popped and there is no ‘o’ on input tape then finy
inpu :

ctate is achieved.

Que 4.12. l _Const:ruct PDA to accept.

L=|0"1”:n20]
Answer I

1. By the analysis of language, it is clear that PD'A for the g:iven language
will accept the set of strings in which every string start with ‘0’ followeq
by any number of 0’s and followed by same number of 1s.

9 The PDA should accept the string like 01, 0011, 00011 i and reject
g, 00, 11, 001, 0101, 1100 etc.
Let the PDA

P= {Q: E! rv 61 q[p Zu.i m
Here, consider the stack starting symbol is Z.

The tuples for PDA
P=(lg, g,.9,}, (0, 1},
(2),5,2,q,) 8(q, 0, 2) = (g, 02)
ie, Q=Ilqg,9,4,) 8(q,, 0, 0) = (g,, 00)
T =1(0,1) (g, 1,0) = (q,, &)
r=I(4,2
9= 9, 8(g,, €, 0) = (q,, €) Accepted
Z,=Z
F = q,

Que 4.13. \ Construct PDA for following :
L=(a"cb*|n>=1)
over alphabet J = (a, b, ¢). Specify the acceptance state
Answer —l |
This PDA has input set (a, b, ¢

of a’s is double and the ¢’
‘ a’'s an
Step 1: Initially we will read

;i?d the number of b’s following total number
" § are separated by single c.
ring ofa’s and push those a’s onto the stack-

il

p——

Ty
: "" [
“1w~'i,w‘

a'. /] {r
(1 A

’

ry of Automata & Formal Languages 4-11 A (CY/IT-Sem-4)
0

=",
a(quv a, Z{)) = {Q{p azn)

g : Now We will read single c¢. We will not perform any push or pop
Stﬂratiﬂn at this step-
ope 8(qq, € a)= (ql, a)

. this steP the state 1S changed to q,.
A .~ in state g, if we read input symbol b then we will read two

Step 3 : Bemg . 2 5 3 i ,
tive b’s without pushing or popping anything, simply read two b’s

d
o 5(qy, by @) = (g5, @)

8(gq b, a) = (g5 a)
ad the third consecutive b and pop single a from the stack. This
hecking presence of two b’s against single a.

8(qs. b, a) = (g3 £)
the input read is a blank character and stack is empty.

en ré
means €

Step4: When
Then we reach to accept 8(qq,€ 29 ) = (@4 €)-
The state d4 is accept state.

Que 4.14:] Construct a det

language :
L=|x< (a,b)* |n (x) = n, (x))
where n,(¥): pumber of a’s in the string x

ng(x) : number of b’s in the string x

Answer \

The tuples will be :

erministic PDA for the following

Q= {Q{]s 4y, 99 93 9¢ QEL I =la,bl
I = {z,x), g9 = g0} 20= (z,), F = gy, 93]
5 (qq, & 2o) = 1@y, 29) 2 z), (q3,2))

d(q,, a,zy) = (ql,xzﬂ)

5(gy, @, %)= (qy, xx)

8(q,, b,x) = (gq b, %) = (g3 €)

8 (g, € 29) = (41,29

d(gy, a, zy) = (qy,2p)

8 (gq, b,2y) = (@4 X2

5(q,, b,x) = (g4 X x) =(q, £)

8 (gs, € 2¢) = (@2, €)

Que 4.15. l Design PDA for Language WcWR, W € (a,b)*.
AKTU 2018-19, Marks 10
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4-12 A (CS/IT-Sem-4) Push Down 4,

? Design the Ppy fo
r

AKTU 201“%

What is Push Down Automata (PDA)

language L = (wew" | wela, bl*)

Answer |

PDA : Refer Q. 4.1, Page 4-2A, Unit-4.
L = (WeWR | Wela, b)*)

PDA for L is given as :
a, zplazy
a,alaa
a,blab
btzﬂlbzﬂ
b,a|ba b.ble
b,b|bb a,ale
¢,2q] 29 g 5 f'=r"'-"'f.l|"“'{3'
d, -
{%5 c,ala @

c,b|b

-Que 4.16. | How to convert an equivalent PDA of a context free

grammar ?

Answer |

Convert the PDA into Greibach Normal Form (GNF).

First the start symbol S of the CFG is put to the stack by transition
function

Step1:
StepII:

3(q,, £, 2,) = (q,, Sz,)

StepIIl: For a production in the form (NT',) — (Single T) {String of NT),
the transitional function will be
o(g,, T, NT) — (q,, String of NT).

Step IV: For aproduction in the form (NT,) — (Single T}, the transitiona
function will be 8(q , T, NT) > (q,, €).

For accepting a string two transitional functions are added, 0n¢
for accepted by empty stack and one for accepted by final state.

Step V:

Que 4.17. | Convert the following CFG into PDA :

S — aSalaA/Bb, A aAla, B Bb/A [AKTU 2014-15, Mar @

Answer I |
The PDA for given CFG will be -

ol 4. B

\“m@h
OR '

]

ry of Automata & Formal Languages 4-13 A (CS/IT-Sem-4)

Theo
P=(QZ%T,5q9,Z,F
Q = q)
z=1a,b)
I'=1(S,A,B,a,b)
q, =gl
Z, =(S)
F = (q)
fined as :
5(q, €, S) = (q,aSa)

5(q, &, S) = (q,aA)
8(q, €, S) = (g, Bb)
8(g, £, A) = (g,aA)
5(g, €,A) = (g, a)
(g, €, B) = (g, Bb)
5(q, ¢, B) = (g, A)
8(q, a,a) = (g, €)
5(q, b, b) = (g, ¢

-Qua 4.18.1 Construct a PDA from the following CFG.

G = (S, X), la, b}, P, S) where the productions are:
s-;XS|a,A—+aXb|Ab|ab AKTU 2016-17, Marks 10

Tﬁnswer |
Given : G = ((S, X), la, b), P, S)

where the productions are
S —>XS | A—aXd | Ab | ab
Let the equivalent PDA,
P =(lq), la, b}, la, b, X, S), 8,q,S)
where & &
8(q, €, S) = (g, XS), (g, ¢€))
8(q, ¢, X) = ((g, aXd), (q, Xb), (g,ab))
(g, a,a) = 1(g,€)
(g, 1,1) = (g, €))

Que 4.19. | Consider the CFG ((S,4,B), (@,

b), P,S) where productions

P are as follows :
S—aABB/aAA, A—>aBBla, B->bBBIA.
PDA that accept the same language

Convert the given grammar to
by empty stack.
AKTU 2015-16, Marks 10
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-Sem-4)
4-14 A (CMT ——omaty

Answer
The PDA is given by
i
L 8q,&S) (g, aABB), (g, aAA))
Sg, £, A)— (g, aBB), (g, a))
5(q, &, B) — (g, bBB), (g, A))

5(q,a,a)— (g, €))
8(q, b, b) — (g, ©))

Que 4.20' Construct a PDA M equivalent to grammar with

following productions :

S 5 adAA, A > aS|bS|a o
Also, check whether the string ‘abaaaa’ 1s In M or not.

P(q), la, b, la, b, S,A, Bl b, q,s,)

Answer _I
Let the PDA for given CFG be
M=(Q,5T,38,q,z2F)
Q=g
L= |a,b)
I'=(S,A,a,b)
dy = lg)
z, = (8]
F=|q)
& will be defined as :
olg, e, S)=((g,adA))
0lg, e, A)=((qg,aS), (g, bS), (g, a))
d(g,a, a)= ((g, 2))
olg, b, b) = (g, )}
Check : Given string is ‘abaaaa’
(g, abaaaa, S) F (g, abaaaa, aAA) |- (q, baaaa, AA)
(g, baaaa, bSA) |- (g, aaaa, SA)
(g, aaaa, aAAA) |- (g,aaa, AAA)
(g, aaa, ad4A) |- (¢, aa, AA)
+(g,aa,aA) |- (g, a, A)
F(g,a,a) }-(q,¢,¢)

Que 4.21.| C |
onstruct PDA equivalent to the following CFG

production - B
u :un.S-—LaAA,A-}ﬂSMSla AKTU 2017-18, Marks 07

ta & Formal Lan
cory of Automa guages
heory of A2 +15A (CAT-Sem )
i
P = '[Q, b 3% T, ﬁrqwz F)
Q=09),2=(a,b) T2 (g Aab
Z,=(S),F=(q) ©0h9,=(@
The 6 will be defined as :
5(q, €, S) = (q, adA)
d(q, €, A) = (g, aS)
5(q, €, A) = (g, bS)
58(q, &, A) = (q,a)
%q, &, a) = (q, ¢)
d(q,&,b)=(q,¢)
PART-3
Context Free Grammar for Pushdown Automata

Questions-Answers

Long Answer Type and Medium Answer Type Questions

Eue 4.22. | Convert the given PDA M to equivalent context free

grammar. The PDA M is defined as M ((g,, q,}, (0, 1), (X, Z,), 5, q,, Z,,
(g,)) where § is given as follows :
@y 1,Z) =(q,XZ)
(9, 1,X) = (g, XX)
(g 0, X) = (g, X)
(qu,t £, X) = (ql, £)
(qlr g, X) = (ql, g)

(ql, OIX) = (qllxx)
(q,0,Z) =(q,,8)

Answer

Step 1: Applying Rule 1: S - lg,, Z,, @, | (90 Z» )]

Step 2: 8(q,, 1, Z,) = (q,, XZ,) the production will be
l9,, Z,, q,) = 1lg,, X, ;) 90 Z,q,
@y Zo» a)) = 1lap X, ) (01 Zo 90)
g, Z,, q,] > 1lg, X, q,) g, Zy q,)
(o 2o @, = 1lgp X, ) (01 20 0]

Step 3 : g, 1,X) = (gy, XX) production will be
lq,, X, q,) = 1lg,, X, ¢,) 90 % q,)
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4-22 A (CIT-Sem-4)

Stam::‘ Let L be a CFL. Then we can find a natural number n sych that
a  Everyz € L with z > n can be written as w = uvwxy, for some stringy,

v, W, X, Y.

b ijuxlel

c. |vwx|<n.

d wuvtwxty e Lforallk>0.

Proof:

1. We can prove that if G is a context free grammar, then we can find 5
context free grammar G, having no null productions such that
L(G) = L{G) - le).

2. Ifnull string (A or ) belongs to the language set L, we will consider L -
(¢) and will construct CNF of the grammar G generating L — (&} [If null
string does not belong to L, we will construct CNF of G generating L].

3. Let number of non-terminals (V,) of the grammar is m. |V, | =m and
n = 2". To prove that n is the required number, we start with a stringz
wherez €L, |z|2>2™. |

4. Construct a derivation tree or parse tree T of the string z.

5. If the length of the longest path in 7'is almost m, then we can write the
length of the yield of T, i.e., | z|<2™'. But |z|>2™. So T has a path, say
I" of length greater than or equal to m + 1.

6. Path length of greater than or equal to in m +1 needs at least m +2
vertices, where the last vertex is the leaf.

7. Thusin T all the labels except the last one are variables. As | N| =m,in
m + 1 labels of the parse tree T, some labels are repeated.

8.

Let v, and v, be the vertices with repeated label (let A) obtained at the
time of upward traversal from leaf of I'.

1L length is almost in m + 1. So the length of z_(yi

- Step 1:Sup
~ from the pumping lemma for CFL. ‘

' StepII:Letpisanumber:-n,z=0PEL.BrusmEpumm
. we can write z = uvwxy, where |vr
f: StenHI:Igtk=0.Frnmthﬂpumpinglemm‘f“rm"“
: it-,uwyeL.Asuwisinthefnrm[P.w
~ prime number. Let take it as g. Let

oy Df Automﬂtﬂ & Formal LBJ'IEUagEs

e —
nv, and v, let v, is nearer to root. [

I, th i
to leaf has only one label repeated (let 4 u:r rt:rltn:::t;fiih:lz:::

423 A (CSNIT-Sem-4)

from Y
m+ 1.
T, and 7, are two subtrees taking root as

” v. and v :
10. iﬁ and w are the yields of T; and T,_ re’PeCtivel]y' , respectively. Let

1 . ;
AsT i the longest pathin T, v, to leafis the longest path of T, and its

eld of T),ie., |z, |< 2"

.« the yield of T and T! 8 a proper subtree of . Yield ‘
12. A-i,;ilofT: i.e.,zcanbe writtenasz=uz y. teldof 7,,is z,. So

As z, is the yiel_d of T, and T is a proper subtree of T,.Yieldof T, is w.
A5 21 ld of T, i-e., z, €an be written as 2, = uz, :

T, is a proper subtree DfTr S0 |UW1|>|W|- So |uz|2 1.

4 ThuswecanWﬁtEZ=uvw1}'With |wa|5nand |UJ.'| > 1.

C A © =
. ST R

' 15. As T'is tree with root S(S tree) and T, T, are tree with root B(B tree),

* we can write S—uAy, A—vAx and, A>w.

16 As S—uAy = uwy, uv®wx® € L. For k 2 1, S—udy —uv' Ax*

y-éuu"iux" y € L. By this the theorem is proved.

1e 4.29 sp Prove that L = (0?/ where p is prime) is not a CFL.

se L = L(G) is context free. Let n be anatural numberow

| 21and |vwx|SA.

here p is prime; S0 |uwy | is also a
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1-24 A ll‘@']‘-hnm-«l’l il B w
loa | = r. Then |u|“n-.\*}'| =QtQr®= gl + 1) This is not primg

factors @, (1 ¢ A including 1ant
Therefore L s not context free.

i(-littL

Que 430, | Find out whether the language L = (a"y"zn |, N
. | i

context free or not.

Answer l

The language L says that '\’ cannot appear after 'y' and '2' canngy i
betore Y and so on. ar

Step 1 : Assume L is context free and we get contradiction, Let ,, ety
patural number obtained by using pumping lemma. 6

Step 2 : Let Z =70y, then |Z| =3n>n. We can write Z = abede,
where |bd| > 1G.e, both b and d cannot be &).

Step 8 :abede = X7y As we have assumed 1 < |bd | < n,thenb or d cany
contain all three symbols x, ¥ and 2. Therefore,

. bord is of the form Xy’ (0T y'2') for some i, such thati +j <n, or
. bordisastring formed by the repetition of only one symbol amangy, y ,

When b or d is of the form X'y, 80 x* = b? = x'yx'y’. As b*is a Sub-stfing of
b od'e so abled’e cannot be of the form x™y"2™. Therefore abcd® ¢,

When both b and d are formed by the repetition of a single symbol, for
example d =x' and b =) for some i and J, where i, < n then the string uy,
will contain the remaining symbols, say e. Also, " will be a sub-string of aee
1<  does not occur in b or d. The number of occurrence of one of the other
two symbols inace is less than ., and 7 is the number of occurrence of e, Therefore
ab'ed% =ace ¢ L.
Thus. for any choice of b or d we get a contradiction. Hence, L is not context
hree language.

Que 4.31. I Given context free grammar, how do you determine that

grammar as :

i. Empty or non-empty

ii. Finite or non-finite

iii.  Whether a string X belong to language of grammar.

Answer l

.. Empty or non-empty : Prove that fora given CFG, thereis an algorithm
‘o determine whether or not it can generate any word or not, or it
empty or not.

Proof': :
We already know about nullable non-terminals, and how to decide
s hether the start symbol S is nullable :

1qU1 + ). Souvtxty ¢ L. Thisisa contr:ﬂt by

, — -
Thtfi,,,f""'_ | 25 A (CS/TIT-Sem-4)
”.‘ L]
g=87
hat every CFG th
also knowt at does not Y
pduftiﬂn- Renerate ¢ can be convert .

————

of Aut.nmﬂln & Formal Languages

ow let usd assume that ¢ 18 not a word generate

.. case we can convert the CFG dby CFG

to CNF, preserving the entire

e.
(f there is a production of the form
S > a

i inal, then a is word i
her,r_u als terminal, rd in thE lan
:mducti{}n, we then propose the fulaning algg:'l'i:ﬁ:nlf_thrrr 12 no such

Step1° 1
-termi
For each non-termina N that has some productions of the form

B' V oa

where @ 18 terminal or string of terminals. we choose one of them

and put a 1n all other productions having V at right side
eliminating non-terminal V_altogether. . at night side, thas

W We have changed the grammar so that it no longer accepts the

same language.
It may no longer be in CNF.

i That is fine with us.
o. Every word that can be generated from the new grammar could
have been generated by the old CFG.

¢ Ifold CFG generated any words, then the new one does also

Step2:
Repeat step 1 until it eliminates S or it eliminates no new non-terminals
If S has been eliminated, then the CFG produces some words, if not

then not.

Finite or non-finite :

There is an algorithm to decide whether a given CFG generates an
infinite language or finite language.

Proof:

We assume that grammar contains no ¢-productions (if there 1S any

useless or e-production in the grammar then we have to remove those
productions) or no unit-production, and no useless symbols.

Now, let us assume that grammar has production like,

L]
X = xXy
Since, grammar is assumed to have no e-production and no unit
production x and y cannot both be simultaneously empty.

Since X is neither nullable nora useless symbol, we have:

S:.'ﬁuXu-_::w

- ——
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X >z
and d z are in V*,. But then

where u, v an
™ - ™
S= auXv= ux" Xy"v = ux"zy"y
is possible for all n, so that L(G) is infinite.

If no variable can ever repeat, the'f the. length of any dﬁl‘i\*ati \
bounded by |V, |. In that case, L(G) is finite. st

to get an algorithm for determining whether L(G) is g
6. nﬂ:j nnlfeto determine whether the grammar has some repetz"'

van ables.

This can be done simply by drawmgadepent!ency graph for the Variay
in such a way that there is an edge (X, Y) whenever thep, .

corresponding production
X - xYy
8 Then any variable which is at the base of a cycle is a repeating ope

9. Consequently, the grammar has a repeating variable if and only if y,
dependency graph has a cycle.

10. Since, we have an algorithm for deciding whether a grammay haay
repeating variable, we have an algorithm for determining whether o,
not L(G) is infinite.

iii. CYK algorithm is used to determine whether a string X belong ,
language of grammar.

The CYK algorithm : Let the input be a string S consisting of ,
characters:a,...a, . Let the grammar contain r non-terminal symbys
R, ...R . This grammar contains the subset R_ which is the set of start
symbols. Let Pln, n, r] be an array of booleans. Initialize all elements of
P to false.

Foreachi=1ton

For each unit production R, — a,, set Pli, L, j] = true.
For each i = 2 to n - - Length of span
Foreachj=1ton—1i+1- - Start of span

For each k =1toi —1 - - Partition of span

For each productionR, > R, R

If P{j, k, B] and P[j + k, i — k, C] then set P}, i, A] = true

If any of P[1, n, x] is true (x is iterated over the set s, where s are all the
indices for R ).

Then S is a member of language
Else S is not member of language.

o

=]

ere isl

B
f Automata & Formal Language.

=7 a9, | Discuss the decidabili
mm‘ “"L“;}'Pmpmyofm_

4 a context free grammar G. Write Lot P
g'::mine whether L(G) is infinite or lu::l.:I thm (if it exist) to
¢

béci&abiﬁty property : Following are the decidability properties
pecide whether grammar is empty or non 2
page 4-24A, Unit-4. “empty : Refer Q. 4.31.

Decide wheth‘er grammar is finite or non.
page 4-24A, Unit-4.

.. pecide whether a string X belong to
il efer Q. 4.31, Page 4-24A, Unit4 anguage of grammar :

Algorithm

. Make the grammar simplified by removing unit productions and useless

9. Check whether there is any self-embedded non-terminal or not by

finite : Refer Q 431

following steps :
a  Underline some non-terminal say X which is at LH S of ;
rule. production

b. Then put dot over all the X which are at RHS throughout the
grammar. The dotted X and underlined X are treated as two different
symbols.

c. Put dot over any non-terminal at L.H.S whose R H.S contains any
dotted symbols. Dot this non-terminal throughout the grammar.

d  Ifunderlined X gets dotted then Xis called self-embedded otherwise
it is not self-embedded.

3 3 If the grammar contains any self-embedded non-terminal then it

generates infinite languages otherwise it generates finite languages.

Q.1. Define Pushdown Automata lPI.ME). Diﬂ?rentilt‘e‘PDA by
empty stack and final state by giving their definitions.

ABRE Refer Q. 4.4.
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gram for the subrout

turn’ state.

urn state, there is a temporary halt. Fop ..
USing

3.

on

First. a TM pro
initial state anda're

After reaching the ret

cubroutine, new sta

When there is a need
enter the initial state

cubroutine 1s reac

Modification of
as Comp

tes

for calling the
for the subrou

hed) an

Turing Machines & Recursive F“"Ctinn ™
e

are introduced.

PART-3

ory

ine is written. This wij)) hay
e

subroutine, moves are effec,,
tine (when the return state

d to return to the main program of T\

0
of the

-

Turing Machine,Turing M&qgﬁna
uter of Integer Fucntions.

Que 5.8.

Answer |
1 A Turing machine with several input tapes is said to be a multitape

r &

3.

Turing machine.

Write a short note on multitape Turing machines.

In a multitape Turing machine each tape is controlled by its own

independent read/write head.
A multitape Turing machine with k tapes is shown in Fig. 5.8.1.

= h a b sha il b alal- | aes 'b b T
Tape 1 + Tape i Tape kf
Head 1 I Head k
Finite State
Control

Fig. 5.8.1. A multitape Turing machine model.

* An n-tape Turing machine can be defined as M = (@, Z, 5, r,q,# H),

where, all the parameters have the same meanings as in the basic

definition of a Turing machine, but the transition function & is defined as
6:QxTI" > QxTI"x (L, R, stop)” ‘

To Eh_““' the equivalence between a multitape and a standard Turing

machine, we argue that a standard Turing machine A can be simulated

by any given multitape Turing machine M, and conversely, that any

standard Turing machine can simulate a multitape Turing machine:

ry of Automata & Formal Languages i

heo
" ey W

9. Write a short note on _
Queﬁ multidimeng;
Onal Tyyp

!

gchi“eﬂ‘ ing

A Turing machine is said to be a multidimensiona] Tyr:
input t.ape can be viewed as extending infinite]y ; Ng machine if it
dimens1on. ¥ In more than gpe

The formal definition of a two-dimensional
transitiun function & of the form

5:Q@xI' > @QxT (L,R, U,D, stop)
All symbols have their usual meanings except 17
and D specify movement of read/write headli}n upa::d% The Symbols U
respectively. A diagram of a two-dimensional Turing mﬂwn' du?.-cnfms,
by Fig. 5.9.1. achine is given

'-_.

=]

8 machine involves 3

)

_.-_._ # a’l ﬂ2 aa ﬂ2 ﬂl az # | svcvinans TWU dimEﬂEiﬂﬂal .
| #|01]|02]03 }b by| bg| by eerenee input r.apeU
.-._- ....... kz 'kl kz ka kz kl kz - 2 IETTTOTPS L "-'T'—"R
% R/W Head {
Finite State Directi I:
C t l ons of movement
onire of R/W head

 Fig. 5.9.1. A multidimensional Turing machine model.

Que 5.10. Write a short note on multihead Turing machines.

Answer l

1 A multihead Turing machine M = (@, L, 5, T, g, # H), can be viewed as
a Turing machine with a single tape and a single finite state control (also
called control unit) but with several independent read/write heads.

9 The transition function of a multihead Turing machine can be defined
as
8:Q x> QxI x (L, R, stop)”
where[=xIxxExTxT..xT, andnisthenumberofreadhvrite
heads.
3. A move of the multihead Turing machin
the symbol scanned by each head.

4 Inone move, the read/write heads m
or may remain stationary. : : |
5. A five-head Turing machine (a multihead Turing machine with five

heads) is shown by Fig. 5.10.1. |

‘__4

e depends upon the state and

ay move independently left, right
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xiil Turing Machines & Recursive Fypy;
sapAcsrremd T8 Tt T
P ng;mnl Representation
p—— 8 q00
q q01
h gll
[ a000
b a001
L a010
R a0l1l
a al00

Thus representation of baa#a is

“baata” =a001a100a100a 100a000a100

The representing “TM” of the turing machine TM is the fﬂlluwing Hbtags:
“ITM” = (g00, a100, g01, a000), (g00, a000, ¢11, a000), (00, a00] q{;}.
2011), (g01,a100, g00, a011), (01, a000, g00, a011), (¢01, 2001, q01’ 011;
The pictorial representation of Universal Turing machine is ’

™ Input W

D\ v

Universal Turing machine

N e

Result of calculation by TM on inputW
Fig. 5.16.1. Result ufcalculatloq b;" T@n&inpuj: w.

Que 5.17. I Explain Linear Bounded Automata (LBA).

Anaw_er-r_.;]

1. Alinear bounded automata (LBA) is a non-deterministic Turing machine
satisfying the following :

a. It input alphabets includes two more special symbols ¢ and $, used
as left end marker, and right end marker symbols respectively.

b. It has no moves to the left of ¢ and to the right of $. And it is not
allowed print another symbol over ¢ or $.

2. Therefore, LBA is a Turing machine in which the tape on which it
computes is restricted to the portion containing input w, plus the left
and right end makers. That means there is bound which is linear function
of the length of input, as per as use of tape is concerned, hence called as
linear bounded automata.

3. Formally therefore, LBA is:
M= (Q!‘ E? r! Slqu! $’F‘]

g ———

of Automata & Formal Langy ;..

ere, e
gl;s ainite set of states of Turing machine
" s finite set of symbols called a5 tape symbolq

0
¢" 2 f pecti\fely'
5 defines @ mapping from@Q xr g, r, (LR,

Therefore, 8: @ xT' = Q x T'x (L, R) ang
and g, w$ P a,po, where p is in F).
The class of languages accepted by LBA are ¢4 i
Janguages:

UM):lewiaian-ft.ih'

Write short notes on the following .

Qﬂaﬁilsf
a..ﬂ Halting prubleim

b Church’s thesis

c. Recursively enumerable language |A
OR

1. The description of a Turing machine M and an input w, does M,
when started in the initial configuration g w, perform a computation
that eventually halts.

9. Now we ask whether M applied to w, or simply (M, w), halts or does
not halt. :

3. The domain of this problem is to be taken as the set of all Turing

machines and all w; that is, we are looking for a single Turmg
machine that, given the description of an arbitra_ry M nnd-w, will
predict whether or not the computation of M applied to w will halt.

b. Church’s thesis :

1. Church thesis states that any algorithm that can be perfurn{ed on
any computing machine can be performed on a Turing machine as
well.

2. An algorithm requiring polynomial time W
efficient algorithm, a strengthened version 0
thesis was enunciated. .

3. Any algorithmic process can be simulated efficiently
machine.

as considered as an
f the Church-Turing

by a Turing
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4  But a challenge 1o the strong Church-Turing thesis argg, [
rﬂm

analog computation.

5. Certain types of analog com
officiently whereas these problems

Turing machine.
6. But when the presence of noise wa
of the analog computers disappeared.

Strong Church-Turing thesis :
1. Any algorithmic process can be simulated efficiently using g o,

deterministic turing machine.
2. Computers are physical objects, and computations are phygje
processes.

3.  What computers can
physics alone, and no

puters had solved some pro}y
had no efficient solutjgy, e
on g

s taken into account, the pgy,
er

or cannot compute is determined by the lay of
t by pure mathematics.

c. Recursively enumerable language :

1 TM defines two classes of languages such as recursively enumerab)e

language and recursive language.
9. When a string belonging to S runs on TM then it results in three

states :

a. Acceptance of string.

b. Loops forever on receiving string.

c. Rejects the given string.
3 The language L 1s called recursively enumerable language if there

is a turing machine T that accepts every valid strings in L and

either rejects or loops for every stringsin the complement of L (L).

anguage is also called recognizable,
-recognizable because

able to decide

4. Recursive enumerable 1
semidecidable, Turing-acceptable or Turing
a TM can recognize a string in the language and not

if a string is not in the language.

Recursive language :

1 Alanguage Lover input set 18 called
accepts every valid strings in L and rejects every strings in D

9  Recursive languageis also called decidable language because aTM
can decide membership in these languages.

3 Every recursive language is recursively enumerable language.

4. Notall recursively enumerable languages are recursive. That means
3 every TM which accepts the enumerable language must have someé

strings for which it loops forever.
rsively enumerable language

recursive if there is a TM that

. | Prove that every recu

where complement is closed must be recursive.

—
-

S = W@

L

irlL

L

i Ev;ery language described by regular expre

5-2

T e

'W'der a Turing machine M made up of ty, -
g machi
hlnﬂ! *“1 and

Con®!
M, achine M, is complement of machine M
e lso denote that L(W) = L4, and LM,
i M, an d M, are simulated in paralle] by mi:thine M

: .« a two tape TM, which
achin€ Mis a ; can be made
M e of aimulutmn. one tape T™ for the

pe then will consist of tape of machine 3 i
states of M consist of all the states of machi 1 and machine M,
The Rchme MI a_nd all the states

Df maChan 2
The machine M made up of M, and M, is as shown in Fig. 5,19 1

™

eas
18 one ta

[nput W —
(Binary string] =

o

» Accept ———» Reject

Complemented TM

[f the input @ of language L is given to M then M, will eventually accept
and therefore M will accept L and halt. )

Ifw isnotinL, thenitisin L. SOMzﬁuamPtﬂﬂdtheremewmhm
without accepting.

Thus on all inputs, M halts. Thus L(M) is exactly L. Snce M always halts
we can conclude that L(M) means Lis a recursive language.

Thus a recursive language can be recursively enumerable but 2
recursively enumerable language is not necessarily be recursive.

o520, | State True/False with reason:

=

ssion can be

recognized by DFA.
Every R.E.L. can be generated by CFL.

iii. The Halting problem of TM is decidable.

'h'ue.:
1. The language denoted by regular expression s called regular
lang'uage,
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n

V.

ata with ¢ transitiong
nite autom accen,

THhe non-deterministx fi
such a language

o
-

od 10 NFA wathout ¢

X : O s conver
3 TheNFA withecanbec
Then such a NFAcan easily be convT rted to DFA.
4 nsucha NTAG ) | ‘
e. 1t is ssad that every hm&'“&&“d‘ scribed by regular eXPressig,
o I‘k‘ﬂx 1t 1S sad sl h a G

can he recognized by det ermumisti

gos are accepted by Ty
. — \‘_ nmt\rﬂb]t‘ lmmab .
FM.LHEW' : T‘RF:“':“::? ) :mr* Aass of languages than the class of contey,
<. [rende T O SR
free languates
input or pot” s & halung

~whether the machine \t'il! halt on Particyly,
problem and it is an undecidable problem

o sively enumerable if it 1s accepted by a T\
1 A mm L 1s o “'Whlth s input to ThL t,he machi_ne hﬂlT.s
: *i£it belongs to the language if it does not belong t,
7 TM halts and outputs no.

the language L. | '
This also means that the complement of L i.e., L & TM.

Hence. complement of recursively enumerable languages is alg,
recursively enumerable.

: L B w
1 Turing machine is a model of computability which accepts a large
dsss of languages.
The context free languageisa language generated by context free
crsmmar and accepted by PDA.
3  Hence. CFL is also accepted by TM.

19

4o

-~
—

Que 5.21. I Prove the following properties of R.E.L:

a2 Complement of a recursive language is m?ursive.
B Union of two recursive language is recursive.
c. UnionoftwoR.ELisR.E.

Answer |
2 Complement of a recursive language is recursive :
Proof:

L

Le: L be 2 recursive language and TM be Turing machine that halts cn
all inputs and accepts L.

Let us construct a Turing machine TM' from TM so that if TM entersa
finsl state on input uw, then TM' halts without accepting.

If TM halts without accepting, TM enters a final state.

Since one of these two events occurs, TM' is an algorithm. So clearly
TN 1s the component of L and thus the complement of L is recursive
language Fig. 5.21.1 shows constructions of TM’ from TM.

-

ﬂf Autumﬂm & Formal Lﬂ.l‘l‘\]ml
‘UM e

Pro()f:

Let L, and L, be two recursive languages acce
T™, and TM.,.

We construct a Turing machine TM, which first aiiliin i
[ TM, accepts. then Th! accepts. If TM rejects =
and accepts if and only if TM, accepts.

qince both TM, and TM, is algorithm so TM s
‘i‘M accepts L, v L,

1

pted by 'n-lﬁng mac)

0

mn

then T™ simulates ™
v

3 1s also recursive since = . |
SoL, vL there exist a tunng machine TM for ;¢

Fig. 5.21.2, Construction for union.
¢ UnionoftwoR.E.LisR.E.:
Proof :

. We know that enumerating Turing machine have one input tape and
one output tape.

L Let L and L. are recursively enumerable languages and their

enumerative turing machines are TM, and TM, respectively.

i Let us design a Turing machine TM which can simulate TM, and T™,

simultaneously on separate tape.
If either accepts, then TM accepts as follows :
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Turing Machines & Recursive Function 1y,
—— = \

and

and a solution1s &

Y = IP x:i xlt A xi‘l
list of 0 or more Integers i,y Iy By -s £,y SUcCh that

- i T's
w,, W.. Wy s W ™ I"x'l' xtz' e

Que 5.28. | Define Post’s Correspondence Problem (PCp) ang

Modified PCP with its app
the lists x = (b,

lication. Find any three CPC solution, X
bab®, ba) and y = (b*, ba, a).

Answer |

it-5
PCP : Refer Q. 5.24, Page 5-25A, Unit-o. .
Modified PCP : Refer Q. 5.27, Page 5-27A, Unit-5.

Application : The ambiguity

of CFG 1s undecidable.

Numerical : ' |
We have to determine whether or not there exists a sequence of substrings

of x such that the string formed by tlﬁg sequence a{ld thg string formed by
the sequence of corresponding substrings of y are identical. The required

sequence is given byi,=21,= 1,

i,=1,i,=38,ie, (2,1,1,3). The

corresponding strings are

Thus the PCP has a solution.

bab’|[b] bl [ba] = |ba] [’ b*|[a)
n N

¥a n nn

Que 5.29. | Explain recursive function theory.

=

1
2.

The theory of recursive function is just converse of Church’s hypothesis.
Recursive function theory begins with some very elementary functions
that are intuitively effective. Then it provides a few methods for building
more complicated functions from simpler functions. Some of elementary
function :
Initial function :
i The initial functions are the elementary functions whose values
are independent of their smaller arguments.
i, ‘The following functions comprise the class of recursive functions:
The zero function : z(x) = 0
The zero function returns zero regardless of its argument.
The successor function : s(x) = successor of x (roughly, “x+17)
The successor functions take only one argument each.
The identify function : id(x) = x
But the identity function is designed to take any number of
arguments.
Composition : We will start with successor function,

i Aummatu & Formal Languages

f %&m
ot

"
Vs{xl=x+l

lace its argument |
Then nt, x, with the zero function.

argum® z(x)

sult is the successor of zero,
s(z(x)) =1

s(s(z(x))) = 2 and so on.

afunction If we replace he

. ith the help of the initial ;

this way, With €28 RO'R nitial functions o
I:arurﬂl numbers. This building operation is calleq ‘cu:pmmu‘n'md % s
be clear that when composition is applied to computah) It should
cnmputable functions will result. ® functions, only

. :tive recursion :
The second building operation is called primitive recursi

. . un‘

. Primitive recursionisa method of defining new functi
5 function. SHions from old

The function A is defined through functions f and g by primitive

. .
recursion when
h(x, 0) = flx)
Then fis) = 5% fld)
=b5%x24 =120

. Primitive recursion is like mathematical induction. The first equation

defines the basis, and the second defines the induction step.
4 Minimization :

i Ifg(x)isa function that computes the least x such that flx) =0, then
g is computable.

i gisproduced from fby minimization.

i Butwe can build g by minimization only if flx)is already known to
be computable.

.| What is recursive function ? Explain classification of

recursive function.

n*tm,fm-nn function : A recursive functionisa ﬁ:::'tiun deﬁmd hy a finite
of rules that for various arguments specify the function in terms
?'“ﬂhles. non-negative integer constants, the S( function, the function
self, or an expression built from these by composition of functions.

EII;TI of recursive functions : The classification of recursive functions 15
Ollows :

,..‘
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